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MpoaonbHble KoNeb6aHUa CTEPXKHSA C NePEMEHHbIM
ceyeHueMm

Yrawes U.M.
MHcTuTyT MexaHnuku um. P.P. MaentotoBa YOUL, PAH, Yda

CTep>XHU C nepeMeHHbIM CeYeHWeM HaxomsT NPUMEHEHMEe BO MHOTUX AeTansgx U MexaHu3Mmax. Hanpumep, koHuye-
CKMe CTEPXHM LUIMPOKO NPUMEHSIOTCS B yAAPHbIX MexaHu3Max. [poYHOCTb TakMx AeTanei Hanpsamyr 3aBUCHT OT
COBCTBEHHbIX YaCTOT NPOAO/NbHbIX KonebaHuit. B HacToswel paboTe npeacTaBieH MeTof, NO3BONSIOWMIA YUCIEHHO
HaMTK COBCTBEHHbIE YACTOTbl MPOAO/bHbIX KONIeBaHMI YyNpyroro CTeP>KHS C NepeMeHHbIM ceyeHneM. [laHHbI MeTon,
OCHOBAH Ha NMpeacTaBAeHMM NNOWAAM CEYEHMNS B BUAE SKCMOHEHLUMANBbHON PYHKUMKM OT NOAMHOMA cTeneHu n. Ha
OCHOBE TaKoro npeacTaBfiieHus YAanocb cOCTaBUTb 3aaady LUtypMa-JIyBunng ¢ rpaHUYHbIMK YCIOBUSIMU TPETLETO
poaa. JIMHenHO He3aBMCHMble PYHKLMM OOLLEro peleHms UMEKT BUL CTENEHHOrO psaa No NePeMEHHbIM X U A, BCea-
CTBME YEero nopsaoK XapakTepuCTMHeCKOro ypaBHeHWs 3aBUCUT OT BbIbOpa KOMYeCTBO YneHoB psiaa. [puBeneHHbIn
noaxon oTinMyaeTcs ot paboT ApyrMx aBTOPOB Kak Mo MNOCTAaHOBKe, Tak U MeTOAOM pelueHus. B pabote paccMoTtpeH
CTEPXEHb C XXeCTKO 3aKpenieHHbIM JIEBbIM KOHLLOM, 3aKpern/ieHne Ha NpaBoM KOHLLe MOXEeT 6bITb 160 CBO6OAHbIM,
nnbo ynpyrum unu xectkum. MpueeneHbl nepebie TpU COOBCTBEHHbIE YACTOTbI A1 Pa3MyHbIX Npoduneit ceyenus. U3
aHaNU3a YMCNEeHHbIX Pe3ynbTaToOB C/edyeT, YTO Y XKeCTKO 3aKpenaeHHOro CTEPXKHS C YTOHYEHMEM B CpedHen YyacTu
nepsas cOBCTBEHHAs YacTOTa 3aMETHO BbiLe, YEM Y KOHMYECKOTO CTepXHS. [10Ka3aHo, YTo C yBEIMYEHUEM XKECTKOCTH
3aKpenaeHus Ha NPaBoOM KOHLLe COBCTBEHHbIE YaCTOTbl PACTyT AN BCex Npodunei cedeHns. Pesynbtatel ccneaoBaHus
MOTyT HalTW NpUMeHeHWe ANs pelleHns 06paTHbIX 334a4 N0 BOCCTAHOBAEHUIO NPOdUs ceYeHus No KOHeYHOMY Habopy
CO6CTBEHHbIX YaCTOT.

KntoueBble cnoBa: ctep>KeHb, COOCTBEHHbIE YACTOTbI, COOCTBEHHbIE 3HAYEHUS, NPOAO/bHbIE KonebaHus, PyHKLMS ceve-
HKA, NoWanb CceYeHms

1. BBepeHue

CrepsKHM € TepeMeHHbIM CeYeHMeM IMPOKO IPU-
MEHSIIOTCS B YIapHbIX MexaHu3max [1]. Takue o6bek-

HBIX TTPUOTMKEHMII TTOTYUYEHO pelleHye AJ1sl KOHCOJb-
HOTO CTEP3KHSI C CeueHMeM, 3aJaHHbIM B Bujie QyHK-
LIMM OT IIPOAOJIbHOM KOOPAMHATHI.

ThI Ha3bIBAIOTCSI KOHIIeHTpaTopamu. [IpOUYHOCTb 3TUX
MeXaHM3MOB HaIpPSIMYIO 3aBUCUT OT COOCTBEHHbIX Ua-
CTOT MPOJOJbHBIX KoMebaHuii. Hampumep, B pabo-
Te [2] paccMOTpeHbI MPOAOIbHbIE KOIe6aHUS YIIPY-
I'MX CTepsKHel ITepeMeHHOr0 ceueHMsI KOHMUeCKOTo,
9KCITOHEHIIMAJIbHOTO U KaTeHOUJa/IbHOTO TUTIOB. [1o-
JIy4eHbl aHAJIUTUUYECKIe BbIpaskeHMs KO3PGUILIEHTOB
yCUIeHUS KOHIIEHTPAaTOPOB B CJIy4asiX 3aJlaHusI rpa-
HUYHBIX YCJIOBUI TIEPBOTO U BTOPOTO POAA.

B [3] ¢ nomomp0 nepexofga K MHTErPaIbHBIM
ypaBHEHMSIM U TIPUMEHEHMS] MeTOoZa Iocae0BaTe b-

(© UHcTuTyT MexaHuku uM. P.P. MasmiotoBa YOULL PAH
© Vtames .M.

B ciyuae, Korjja cTepskeHb SIBJISIETCSI COCTaBHBIM,
TO €CTh COCTOUT U3 JIBYX U GoJsiee vacTeii ¢ pa3mamny-
HBIMM IYIaMeTpPaMy, Takue 00beKThl MOIeIUPYIOTCS
B BUJeE CTYIeHYaTbIX CTepXKHe [4, 5]. B [5] mpuse-
JIeHbI Pe3y/IbTAThI PEIIEHNST He TOJIbKO MPSIMOIA, HO
1 06paTHOI 3a7ay, I1e MpeAcTaBjieH MeTO/, T03B0-
JISTIOLIVTA TI0 TPEM HU3UIUMM COOCTBEHHBIM YaCTOTaM
MPOAONBHBIX KOMeOaHMit OMpeleIUTh HaYaaIbHYI0 KO-
OPIOMHATY U BEIMUYMHY IIPUKPEIIEHHON pacripene-
JIEHHOJ Macchl K CTYIIEHUYAaTOMY CTEPyKHIO, a TaKKe
OTHOLLIeHNMe TI0IAaeii.

VccnenoBanus COGCTBEHHBIX KOJTeGaHMI CTePK-
Hell TepeMeHHOTO CeUeHMsT MOTYT ObITh ITOJIE3HbI 1JISI
HepaspyuiawIero KOHTposs. Hampumep, B pa6ote [6]
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MCCIeNOBaHa SBOMIOLMS XapaKTePUCTUK COOCTBEHHBIX
MIPOMIOJIbHBIX KOJIeGaHMiT KPYTJIOTO CTEPSKHS TP YBe-
JMueHnu gedekra ero NonepeyHoro CEUeHmsl.

B [7] paccmoTpeHbI COOGCTBEHHbIE TTOTIEPEeUHbIe
Kojie6aHMS IIPSIMOTO CTEPSKHSI C TTOMEepPeYHbIM ceye-
HMEeM MPSIMOYTOJbHO (hOpPMbI, MMEIOIIVM MTOCTOSIH-
HYIO BBICOTY U IlepeMeHHYI0 IIUPUHY, MU3MEeHSIOTYI0-
CsI T10 3KCITOHEHIIMAa/IbHOMY 3aKOHY. MeTo/IoM cIiiaii-
HOB CTEIEeHM 5 MOTyyeHbl 3HAUYEHMST YaCTOT COOCTBEH-
HBIX KOJIeOaHUI MpU Pa3IMUHBIX QYHKIUSIX M3Me-
HEeHUS IIOePEeYHOro CeYeHMsI CTEePKHSI M CII0co0ax
€ro 3aKpeIieHus.

B HacTos11elt paboTe mpeiaraeTcst ONUChIBaTh
TIOIIAAb CEUeHUS B BUJIE SKCITOHEHIIMATbHO (PyHK-
LIMM OT MOJIMHOMA CTeIleHH 7.

2. MMoctaHoOBKa U peweHue 3agauu

CBO6O,E[HIJI€ IIpoOadOJIbHbIE Kojie6aHus CTep>KHA
IJIVHBI L OTIMCBIBAIOTCS YpaBHEHMEM:

%) ou o%u
5 (05 PGz =0 @
rae u(x,t) — mepeMelleHue ceuyeHus: ¢ KOOpAVHA-
TOJ x; F(x) — IUIOIaAb IIOTIepeyHOro ceuyeHns CTepsK-
HSI C KOOPIMHATOI X; t — BpeMsl; MOZAY/Ib YIIPYTOCTY
E ¥ IIJIOTHOCTB p CTEP3KHSI CYMTAIOTCSI TOCTOSTHHBIMM.
I'paHMuHbBIe YeI0BUS (YUIOBUS PoGeHa) ISl CTPYHBI
€IVIHMYHOM IJinHbI (L = 1) MUMEIOT BUL;:

uy(0) —hu(0) =0, uy(1)+ Hu(1l) =0,

rae h, H — 5KeCTKOCTb IPYXKVHBI HAa JIEBOM U ITPAaBOM
KOHI[aX COOTBETCTBEHHO.
Pemenne ypaBHeHnus (1) 6ymem uCKaTh B BUIE
u = y(x) cos(wt) (w — vacrora), Torga (1) sanuieTcs
B BUJIe:
(Fy')' +32Fy =0 @)
2 po?
roe A = R
B Hacrosimeit paboTe IpexsyaraeTcsl IUIOIANb
TIOTIePEYHOTO CeUEeHUST CTEPSKHS B TOUKe X MIPUHSITH
B BUJIe SKCIIOHEHIIMAIBbHOM (QYHKUMY OT ITOJIMHOMA
CTeleHy n:
F(x) = ™), (3)

rae P(x) = ag + a1x + apx> + - - - + a,x", Koabpuum-
€HT a4y COOTBETCTBYeT 3HaYeHMIO IUIOWAay CeYeHus
B TOUYKe Havasia orcueta. [loncraBus (3) B (2), yYUTBI-
Bas, uto P’ (x) = ay + 2apx + ... + na,x" 1, nonyunm
3ajauy lTypma-JInyBuiis:

—y" = P'(x)y =¥y, @

©)

Mertop, pelieHus1 aHaJIOTMYEH METOLY, [TPeJlCTaB-
JIeHHOMY B [9], Toe oTn4ue 3aK/II04aeTcsi B OCHOBHOM
ypaBHeHUM (4). Ob1iee pelieHye ypaBHeHus (4) 6ygem
MUCKATh B BUZeE:

y(x,\) = Ciy1 + Coya. (6)

3nmech Y1, Yo — JMHENHO—-He3aBUCUMble pelleHNs
ypaBHeHus (4). DyHKUMY Y1, Yo OyAEeM CTPOUTD B Bile
psiza MakiopeHa 1o nepeMeHHBIM X U A, IJ151 KOTOPbIX
JLOJIKHBI BBITIO/THSITBCS YCIOBUS:

™

VYcnosue (7) HeOGXOOUMO [IJisl TMHETHOM He3aBUCH-
MocTty GYHKIVM Y1, 2. Toraa yi, ya, npu ycaosuu (7),
3aIMIIYTCS B BUJle OECKOHEUHOTO psiaa:

2 L33
y(xh) =1-27; +P/(0) - 125
4
7 x
+ (mzp (0) — 22 - P'2(0) +k4) T+

+

ya(x,0) = x—P’(O);—?— (P”(o) - P’2(0)+k2)

X
- (P”’(O) —3P’(0)P”(0)+P’3(0)+2x2p’(0)) o
[IpuueMm y1, y, SIBASIIOTCS LeNbIMU QYHKUMSIMMU I10 A
MIpU KaskA0M (PUKCUPOBAHHOM X.
IMoxpctaBuB (6) B rpaHn4HbIe yeiaoBus (5), ¢ yue-
ToM (7), UMeeM

3

3
4

+...

—h-C1+C, =0,
G (yi(LA) —H-y1(1,4)) + 8)
+C2 (y3(L,A) — H-y2(1,1)) = 0.

Vci1oBMEeM CyIIeCTBOBAHMS HETPUBUATIBHOTO pe-
HIeHMs] IMHEHOI anre6pandeckoit cucTeMsl (8) AJis
K03(huieHToB C1 U C; SIBJSIETCS PaBEHCTBO HYITIO
OIpenenuTess 3Toi cuctemsl (cMm. [8]):

—h 1

AN =1 (L) Un(ya(1,0)

=0.

[Tpeo6pasyst JaHHBI OIIPEeIEINTENb, TOTYINM

Ar) = —yr(LA) = H-y1(L,2) -

©)
—h-y5(1,A) —h-H-y2(1,1) =0.

Hynu xapakrepuctudeckoro omnpenenutens (9)
SIBJISIFOTCST COGCTBEeHHBIMM umciamu 3agaun (4)—(5).
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Puc. 1. ®yHKuMKM nnowaam cevyeHuns

3. AHanus pe3ynbraTtoB

Paccmorpum Tpu Buaa GyHKOUM CeUeHUS
(cm. puc. 1):

F(x) = exp(—2.3026 — 2.0557x + 0.4463x2),
Q(x) = exp(—2.3026 — 8.4428x + 7.6753x2),
Z(x) = exp(—4.6052 — 0.0527x 4 2.2499x?),

rae F(x) — cTep)keHb KOHMYECKOi (hopMbI (KOHIIEH-
Tparop); Q(x) — cTepskeHb ¢ yTOHUEHWEeM BOIM3Y Ce-
penuHbl; Z(x) — cTepXeHb KOHUYECKOi HopMbl, 3a-
KpeIlUIeHHbI! B Y3KOM 4aCTu.

PaccmoTpum coGCTBEHHbBIE YACTOTBHI IIPOIOTbHBIX
Koyie6aHMit CTepsKHS TIPY Pas3TIMUHbBIX 3aKpeIIeHMsIX
Ha [IPaBOM KOHLIe (Ha JIeBOM KOHLe (x = 0) — >kecTKoe
3aKkperieHue). B ta6i. 1-3 npuBegeHbl COOTBETCTBE-
HO IepBasi, BTOPast ¥ TPETbM YaCTOThI KOJleGaHMs.

Kax BMIHO 13 MOMYYeHHBIX JAHHBIX ISI QYHKLIMN

~—

Tabnuua 1. 3aBUCMMOCTb NEPBOW YaCTOTbI OT 3aKpense-
HUS U QYHKUMU ceYeHus

Bup 3akpenieHus B Touke x = 1

DYHKIMS | )KeCTKOe | YIpPyroe | cBOOOIHOE
F(x) 3.3120 2.5979 2.1175
Q(x) 44184 3.2812 1.4990
Z(x) 3.6695 2.6194 0.9346

Tabnuua 2. 3aBUCMMOCTb BTOPOI YacTOTbl OT 3aKpernie-
HUS U QYHKUMKU CeYeHns

By 3akperieHus B TOuke x = 1

OYHKIMS | KecTKoe | ympyroe | cBo6omHoe
F(x) 6.3708 | 5.2781 | 4.9435
Q(x) 7.1701 5.6093 5.2030
Z(x) 6.5803 | 5.0764 | 4.6400

Tabnuua 3. 3aBUCMMOCTb NEPBOI YACTOThI OT 3aKpensie-
HUSA U QYHKUMK CeveHuns

Bup 3akpernieHus B Touke x = 1
@OYHKIMS | JKECTKOe | yIpyroe | cBo6omHOe
F(x) 9.4835 8.227 7.9964 2
Q(x) 10.0620 | 8.4463 8.2042
Z(x) 9.6271 8.0720 7.8155

Q(x) TIpM 5KeCTKOM 3aKpeIlIeHN) TIepBasi YacToTa 3a-
MeTHO Bbilie, ueM F(x) u Z(x). Taxke u3 tabn. 1-3
MO>KHO 3aMeTUTb, YTO C YBeIMUEHMEeM KeCTKOCTH 3a-
KpeIlIeHMs] Ha IIPaBOM KOHIIe COGCTBEHHbIE YaCTOTBHI
pactyT. [l crydast CUMMETPUYHBIX TPAaHUYHBIX YCII0-
BUI COOCTBeHHbIe YacTOThI 151 pyHKUMIt F(x) 1 Z(x)
OYeHb G/IV3KY, HO He COBIAJIAIOT, Tak Kak F(x) u Z(x)
HeCHMMeTPUYHBI OTHOCUTENbHO CepPeNVHBI CTePXKHSL.

4. 3akjswuyeHue

[TpenioskeHHBIVI B HACTOSIIE paboTe MeTof,
MpeACcTaBJeHUs TIOMIAAM CeYeHMs B BU/le 9KCIIOHEH-
LIMabHOM QYHKIIMY OT MOJIMHOMA CTeTIeHM 71 TI03BOJIS -
eT YMC/IeHHO HaiTy cO6CTBEeHHbIE YaCTOThI KOJIeOaHUs
CcTepsKHs. [JaHHBII MTOAX0H MOXeT HaliT NpuMeHe-
HMe ITPU peleHny o6paTHOI 3agaun, KOTAa 1o cob-
CTBEHHBIM YaCTOTaM TpeOyeTcst BOCCTAHOBUTD 3aKOH
U3MeHeHMUS TIIOMAaN ceueHMs. AHa/IN3 pe3ylIbTaToB
YMCI€HHBIX SKCIIEPMMEHTOB JIJIS1 Pa3/JIMYHbIX 3aKpell-
JIeHUi1 ¥ mpoduieii IpogoIbHOTO CeYeHMsI IToKasall,
YTO C yBeIMYEHMEM KeCTKOCTM 3aKpeIieHUs pacTyT U
coOcTBeHHbIe YacTOThI. K HejocTaTkaM MeToma MOK-
HO OTHECTU TO, UTO IIPU MOIEJIMPOBAHUST CIOKHBIX
(opM ceueHnst, HaIIpMUMep OCTPBIX YITIOB, ITOTyYaEeT-
S TTIOJIMHOM GOJIBIIIOM CTeIeH!, UTO, B CBOIO Ouepeb,
3HAUYMTEJIbHO BAMSIET HA TOUHOCTD pelieHus.
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Longitudinal oscillation of a rod
with a variable cross section

Utyashev |.M.
Mavlyutov Institute of Mechanics UFRC RAS, Ufa, Russia

Variable cross-section rods are used in many parts and mechanisms. For example, conical rods are widely used in
percussion mechanisms. The strength of such parts directly depends on the natural frequencies of longitudinal
vibrations. The paper presents a method that allows numerically finding the natural frequencies of longitudinal
vibrations of an elastic rod with a variable cross section. This method is based on representing the cross-sectional
area as an exponential function of a polynomial of degree n. Based on this idea, it was possible to formulate the
Sturm-Liouville problem with boundary conditions of the third kind. The linearly independent functions of the general
solution have the form of a power series in the variables x and A, as a result of which the order of the characteristic
equation depends on the choice of the number of terms in the series. The presented approach differs from the works
of other authors both in the formulation and in the solution method. In the work, a rod with a rigidly fixed left end is
considered, fixing on the right end can be either free, or elastic or rigid. The first three natural frequencies for various
cross-sectional profiles are given. From the analysis of the numerical results it follows that in a rigidly fixed rod with
thinning in the middle part, the first natural frequency is noticeably higher than that of a conical rod. It is shown
that with an increase in the rigidity of fixation at the right end, the natural frequencies increase for all cross section
profiles. The results of the study can be used to solve inverse problems of restoring the cross-sectional profile from a
finite set of natural frequencies.

Keywords: rod, eigenfrequencies, eigenvalues, longitudinal vibrations, section function, section area
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