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OnpepeneHune pasmMepoB LUIUHAPUYECKOrO KOHL,EBOIO

rpysa cTep)xHs

AutbaeBa A.A.
MHcTUTYT MexaHuku uMm. P.P. MaeniotoBa YOULL PAH, Yoda

B HacTosdLwWwel cTaTbe paccMaTpuBatoTCst CBOHOAHbIE M3rMBHbIE KOnebaHMs 0AHOPOAHOMO CTEPXKHS. JIEBbIN KOHEL, CTEPXKHS
3a/ieNaH, a Ha NPaBOM KOHLLE COCPEAOTONEH LMAMHAPUYECKMIA TpY3. B KayecTBe M3BECTHBIX aKyCTUHECKUX AaHHBIX UC-
nonb3ytoTcs coBCTBEHHbIE YacTOTbl KonebaHus cTepxHs. Llenbio paboTbl SBnsieTcs onpeaeneHme napameTpoB KOHLEBOro
LMAMHOPUYECKOTO rpy3a CTepXHS (Macca, MOMEHT MHEPLMU, AJIMHA U PaaMyC) NO COBCTBEHHBIM YacToTaM ero Koneba-
HWI. [na pelweHns NoCTaBAeHHON 3aaa4um ucnonb3yetca anddepeHumanbHoe ypaBHEHME B YACTHbIX NPOU3BOAHBIX
4yeTBEpTOro NopsaKa. 3T0 ypaBHEHUE C U3BECTHbIMU FPAaHUYHbIMU YCNOBUSMU CBOAMUTCS K CMEKTPanbHOM 3aaave. [ing
HaXOXAEHWUS MacCbl U MOMEHTA MHEPLMM Ipy3a 6bln MPUMEHEH METOL, AONONHUTENbHON HEM3BECTHOM BeNMUYMHbI. CyTb
3TOr0 MeTofa COCTOMUT B TOM, YTO B XapaKTePUCTMYECKOM OMNpeLenuTene NOMUMO Caraemblix, KOTOpble COAEPXKaT TONbKO
Heun3BeCTHble KO3D®dULMEHTbI KPAaeBbIX YCIOBUIA B KYUCTOM BUAEY, MPUCYTCTBYIOT TaK)Ke NPOU3BELEHUS HEU3BECTHbIX
Ko3dduumMeHTOB. HekoTopble 13 3TUX NpOM3BeneHNI NpeaiaraeTcs CYUTaTb HOBbIMM AOMONHNUTENbHBIMU HEU3BECTHBIMMU,
yepes KOTOpble MOXHO BbIpa3uTb OCTasbHble. bbino NokasaHo, 4To No TpeM COBCTBEHHBIM YacToTaM KonebaHuit CTepxKHS
MOXHO HalTK Maccy U MOMeHT MHepLmMm rpy3a. C NOMOLLbIO NMONYYEHHbIX BbIKNAA0K BbiBeAEHbl GOPMYbI 415 HAX0X-
[eHVs AIVHbI U paguyca LMIMHAPUYECKOrO rpy3a, a Tak)Ke pacCMOTPEHbI COOTBETCTBYHOLME NMPUMEPbI HAXOXKAEHUS

HEW3BECTHbIX NapaMeTPOB.

KnioueBble cnoBa: cOGCTBEHHbIE 3HAUEHMS, COBCTBEHHbIE YACTOTbl, LMAMHAPUYECKUIA FPY3, CTEPXKEHb

1. BBepeHue

CoBpeMeHHas KM3Hb YeJIoBeKa Hepa3pbIBHO CBSI-
3aHa C MHOTOUMCIeHHbBIMY MeXaHM3MaMU U YCTPOVi-
crBaMu. I103TOMY Ha CErOAHSIIHMI J€Hb CTAHOBUT-
Cs B&XKHBIM M3y4yeHle MpOolieccoB, MPOTeKalonX B
MexaHndyeckux cucremax. Ocoboe 3HaUEHVE UMEIOT
Kosie6aHus ¥ BUOpaLum, KOTOpble, B CUITY HEIlpenaBU-
IEHHOCTM, MOTYT BbI3BAaTh ITOTPENTHOCTY B paboTe Ma-
UIMH, YBEJIMYUTh U3HOC ¥ 3aMeTHO IIOHU3UTD HaZexX-
HOCTb, BO3MOXXHBI TaK>Ke pas3pylieHust 1 aBapuu. Bot
royeMy Ba)XXHO pellaTh 3a/4auy ONepaTUBHOTO KOH-
TPOJISI TEXHUYECKUX KOHCTPYKIMI ¥ MEXaHU3MOB I10
XapaKTepUCTUKaM 3BYKOBBIX KojebaHmit. Paccmatpu-
Baemas B CTaThe 33jaya 4acTO BO3HMKAET B TE€XHU-
YeCKMUX YCTPOMCTBAX, ITOCKOJIbKY AETAISIMU MHOTUX
MeXaHU3MOB SIBJISIIOTCSI CTePsKHM C COCPelOTOYeHHOT
Maccoit Ha KoHIle. TakumMu cucTeMaMy MOXKHO CUU-

(© UHcTuTyT MexaHuku uM. P.P. MasmiotoBa YOULL PAH
© AutbaeBa A.A.

TaTh, B Y4CTHOCTM, KPaHbl ¥ aBTOMOGMIIN, aBTOMATH -
YyecKye 3aMMChIBAIOIIE YCTPOIICTBA C TPYOKaMU, U3
KOTOPBIX BBITEKAET KpPacka, JeTaay HEKOTOPBIX Mexa-
HM3MOB BMOPO3aIInThl. EC/IM KOHEIl CTepsKHST Helo-
CTYIIEeH [JIs BU3YaJIbHOTO OCMOTpa, a pa3bop mexa-
HM3Ma IIPeCTaB/IsieT cO60ii JOPOroCTOSIIYIO TPOIle-
Iypy, TO IJis COXpaHeHMs HaJeXKHO paGoThl Mexa-
HM3Ma, BO3HMKAET ITOTPe6GHOCTDb B €ero paHHelt Hepas-
pyIIaomeii AMarHOCTUKe, HAlIpUMep, aKyCTUYECKO,
TO €CTh BO3HMKAET 3a/iaua OolpeneaeHns mapaMeTpoB
3aKpervIeHMs] KOHI[A CTEP)KHS 10 XapaKTepUCTUKam
3BYKOBBIX KOJIeOaHMIA.

Bompocs! BeruncieHnsi COGCTBEHHBIX YaCTOT pac-
MpeJielleHHbIX MeXaHMYeCKMX CUCTeM JOCTaTOYHO XO-
poro usyueHsl [ 1-4]. O6paTHble 33524y IS TAKUX CU-
CTEeM CTaJIY PeNIaThCs OTHOCUTENBHO HemaBHO [5-11].
Taxk, B paboTe [5] paccMaTpUBAIOTCSI IUCKPETHBIE U
HeIlpepbIBHbIE CUCTEMBI, C [IOMOLIBI0 KOTOPBIX MOjie-
JVIPYIOTCS M3yuaeMble 00beKThl. JJaHHas KHUTaA I10-
CBsILIleHA 3a7ave pacrio3HaBaHus gedeKToB Koneba-
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Te/lbHBIX CUCTEM II0 XapakTepy Koiebanwmii. B [7, 9]
peliaoTcs 3amaun uaeHTUudUKaIum cocpeaoToYeH-
HBIX MacC Ha CTepsKHe U 6aJike M0 COOCTBEHHBIM Ya-
CTOTaM IPOJOIbHBIX U U3TMOHBIX Koebaumit. Pabo-
ThI [8, 11] mocBsieHbI 3aa4am MaeHTUbUKALIUY BUIA
U TapaMeTPOB 3aKperieHusI cTepskHeit 1 6amok. B [11]
OTIpeleIIIOTCST BUJL U TTapaMeTphbl KpaeBOro YC/IOBUS
OJTHOTO 13 KOHI[OB CTePKHS 110 MMHMMAJIbHOMY UUCTY
COOCTBEHHBIX YaCTOT Kojae6aHmii. HalimeHbl popmy-
JIbl [IJIS OTIpene/ieHusI 3HaYeHi mapaMeTpOB I'py3a,
TIPUKPETJIEHHOTO K KOHITY CTep>KHS (MacChl M MOMEH-
Ta MHEPILMM) 10 TPeM COOCTBEHHBIM UaCTOTAM €ro
Kojie6aHMii. B HacTosIIelt cTaTbe paccMaTPUBAETCS
UWJIMHAPUYECKUIA TPY3 Ha KOHIIE CTEPSKHS, M3BECTHBI
COOCTBEHHbIE YACTOThI KOJIe6aHMit U TpebyeTcst HANTH
pagunyc U AJIMHY 3TOTO Tpy3a.

Uccnemyemast mpo6ieMa BO3HMKAET B CBSI3M C 3a-
JauaMy Hepaspylialolieit IMarHoCTUKY, a Takke TIpu
co3maHuy BUOPO3aIIUTHBIX 1 6e30IaCHbIX JIJIST 30PO-
BbSI TEXHUYECKUX CUCTEM.

2. MMoctaHoOBKa 3aaauu

PaccmaTpuBaeTcst OMHOPOIHbIN CTEePKEHD, JIEBbI
KOHel] KOTOPOTo 3a/iejIaH, a Ha IpaBOM KOHIIe Cocpefio-
TOYEH IUJINHIPUIECKUI TPY3 MacCoii #11 ¥ MOMEHTOM
mHepiun I;. TpebyeTcs ONpenenuTb pa3Mepbl 3TOTO
rpy3a (paguyc r, ¥ BBICOTY /1) 0 COOCTBEHHBIM YaCTO-
Tam KojebaHuit CTepsKHS.

[ pelieHus] MOCTaBJIE€HHOM 33434 UCIOJb-
3yeM ypaBHEHMSI CBOOOIHBIX M3TMOHBIX KOlebaHMii
CTepKH4 [3]:

*U(X,t)
ox4

?U(X,t)

EI
ot?

=0, @

rae U(X,t) — mporub ocu cTepskust; EI — usrubHas
SKECTKOCTb CTEPSKHST; p — IVIOTHOCTh MaTepuana; F —
IUIOIIAIb TIOTIEPEUYHOrO CeUEHMSI CTePIKHS.

ITpu t = 0 JOKHBI BBITOIHATCS HaYaIbHbIE YCIIO-
Busi: U(X,0) = f(X), U(x,t) = g(X), roe f(X),
¢(X) — pyHruMmM, onpepensoIMe HAYAIbHOE IT0JI0-
SKEHMEe OCU CTEePIKHSI.

KpaeBble ycioBys [Ij1s (JIydasi, KOra JeBblii KO-
Hell CTepyKHS 3a/e/1aH, a Ha PaBOM KOHIIE COCPeIo-
TOYEH I'PY3, UMEIOT BUL:

—0- _ g ouXt) _
X=0:U(Xt) =0, —"— =0,
PU(X, 1) ?U(X, 1)
= . ! = — ! 2
X=L:El— 5 m—y— @
Elazu(x,t) L PUX )
ox2 U oxor

BBemem obo3HaueHust x = X/L,u = U/L, toe
L — nyiviHa CcTepskHS, TOrAa ypaBHeHue (1)  KpaeBblie

yCIIOBUS (2) 3aIUITYTCS C/IeAYI0IM 00pa3oMm:

dtu(x,t) , pFLYu(x,t) _
» o 8aut(2x £) ,
¥=0: u(;,t) =0, ax’az =0,
x:L;Ig(gﬂ:; %

O603naunm pFL*/(EI) uepe3 \*. Torma 3ameHoii
u(x,t) = y(x)cos(wt) mocraBleHHas Bblllle 3aa4a
CBOAUTCS K C/IefyIoleli ClieKTpanbHOM 3agayve [2]:

y® =1ty 3)
Yi(y) =y(0) =0, Ya(y) =y'(0) =0;
Y3(y) = y"' (1) —ah*y(1) =0, 4)
) =0,

rne ay = m/(pFL), ap = I,/ (pFL3).

TpebyeTcs MO COGCTBEHHBIM 3HAUEHMSIM 3aa-
un (3), (4) oripegennTb pa3mepsl (IJIUHY i U pagnyc
72) KOHLIEBOT'O LMWJIMHIPUUYECKOTO Ipy3a.

3. PeweHue 3apauun

KoadduivieHTsI a1 U 4, IO TpeM COGCTBEHHBIM
3HAQUYEHMSIM Aq, Ay, A3 3amaun (3), (4) onpenensiroTcs mo
dbopmynam [11, c. 20]:

ay =D1/D, ay=D;,/D, 5)
e

fo(h) = (1 + coshcosh ) /A,
f1(A) = (coshsinh A — sinAcosh ) /23,
f2(h) = —(sinkcosh A + coshsinh})/2,

f3 =coshcoshh —1,

filh)  fo(M)  f3(M)
D=| filh) fr(ha) fi3(h) |,
filks)  fa(h3)  fa(hs)
foa) f2(m)  fa(M)
Dy =| folha) fa(h2) fa(ha) |,
foks)  fa(h3) f3(h3)
) fo(h)  fa(m)
Dy =| filha) fo(h2) f3(2)
filks)  fo(hs) f3(h3)

BepHa cnenytomas

Teopema. Eciu My, Ay, A3 871500mca deticmeumens-
HbIMU COOCMBEeHHbIMU 3HAaUeHUsMU 3adayu (3)-(4), npu-
uem onpedeaumens D omauueH om HYJs, Mo 3adaud
HaxoxcoeHus Koapduyuenmos ay U a, o co6CMeeHHbIM
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3HAUEHUAM 56JI1emcs KOPPEeKMHOIL, a ee eJUHCIMBEHHOe
peuieHue daemcs popmyaamu (5).

BbIpasum Maccy 7, ¥ MOMEHT UHepLuuu I; Tpysa
yepes HaiigeHHbIe KOOPOUIIMEHTHI a1 U dy:

m = aFLp, I = ayFL%. (6)

MoOMEHT MHEPIUY MOJOTO TOJICTOCTEHHOTO IIU-
JIMHAPA Maccoii m ¢ BHEIIHUM PagUycoM r U BHYT-
PEeHHMM PaguycoM 71 OMpenesnsieTcs o popmyIe:

m(r3 +12)
h=—2—. M
Maccy KOHIIEBOTO Ipy3a MOKHO HalTU ClIeAyIo-

MM 06pasom:
m=p1 (Vo= V1) =p1 (ahr} —shr}) =sthp (13 —17), (8)

rae (Vo — V;) — 06beM MONIOTO TOJICTOCTEHHOTO I[U-
JIMHApPA; 1 — PaaNyC CTEPXKHS (BHYTPEHHUI pagnyc
UWIMHAPA); p; — IUIOTHOCTbh MaTepuasa rpysa; h —
BBICOTA LIMIMHpA.

Vcnonb3yst hopmyisl (6)—(8), a Takoke 3HaS ILJI0-
IaIb ITOIEPEYHOro ceuenus F = nr%, TTOJTYYMM CUCTE-
MY YPaBHEHMUI1 C IBYMS HEUM3BECTHBIMU L U 15

alpr%L = hpl(r% - r%), 20,17 = al(r% + r%)

OTKyza, yYUTHIBaS], YTO PAAUYC HEe MOXKET ObITh
OTpULIATENBHBIM, ITOITYYMM GOPMYJIBL 1151 HAXOK/e-
HMSI pa3MepoB Ipy3a HWIMHAPUUeckoit GopMbl (IJ11-
HbI U pagunyca):

atripL 20712 — r2my
- 2 52,12 -
p1(2a2L2 — 2r7ay) a

®

IIpumep 1. PaccmaTpuBaeTcs CTalabHON CTep-
>)KeHb IyiHOM L = 15 cm u paguycom r; = 0.7 cm.
JleBblIii KOHELI CTEP>KHS 3a[e/laH, a Ha IPaBOM KOH-
1le UMeeTCs IWIMHAPUYECKUi rpy3. i3BeCTHbI CO0-
CTBeHHbIe 3HaueHMs: Ay = 2.156242, , = 5.724958,
A3 = 9.465460. IIIOTHOCTD I'py3a U IVIOTHOCTb CTEP3K-
HSl OVHAKOBBI p = p1 = 7,86 r/cm>. TpebyeTcs HaiiTh
pasMepsl KOHLEBOTO Irpy3a: IJIMHY U pagnyc.

HWcrnonb3yst dopmyiy (5) 110 M3BECTHBIM COOCTBEH-
HbIM 3HAUeHUSIM HalimeM KO3 PULIMEHTBI a1 U dy:

a; = 0.110190, a = 0.000365.

ITosryyeHHble 3HAYEHMS M U3BECTHbIE ITapaMeT-

pbI ITOACTaBMM B (9) 1 HalizemM paguyc rp M JAVHY h
LVIVMHAPUYECKOro KOHIIeBOro Irpysa:

rp = 1.0003796 ~ 1 cm, h = 0.550444 ~ 0.5 cm.

IIpumep 2. VimeeTcs CTaJIbHOM CTep>KEeHb JI-
HOi1 L = 10 cm u paguycom rq1 = 0.5 cM. JIeBblil KOHel],

CTep>KHS 3a/ielaH, a Ha TPaBOM KOHIIE UMeeTCsI U~
JMHAPUYECKUT TPY3 U3 cepebpa (TIIOTHOCTD CTAIN p =
7,86 r/cM>, IIOTHOCTD cepebpa p; = 11,5 r/cm®). Tpe-
6yeTcsl 0 COOCTBEHHBIM 3HAUEHUSIM Ay = 2.663834,
Ay = 6.530157, A3 = 9.652572 HaiiTK pasmepsl 3TOrO
rpy3a: IJuHy U pagunyc.

Hcronb3ys hopmyity (5) IO M3BECTHBIM COOCTBEH-
HbBIM 3HAUEHMSIM HalizeM KO3DPULIMEHTHI a1 U dy:

a; = 0210693, a; = 0.000779.

[MomyyeHHbIe 3HAUEHMST M U3BECTHbIE TTapaMeT-
pblI oacTaBuM B (9) U HageM pagnyc ro, U IJIMHY h
LWIMHIPUYECKOTO KOHIIEBOTO I'py3a:

ry = 0.699997 ~ 0.7 cm, h =1.7219023 ~ 1.7 cm.

4. 3aknwueHue

[TokasaHo, YTO IO TPeM CO6CTBEHHBIM YaCTOTaM
Kojie6aHMIit CTePsKHS MOKHO HaiiTV MacCy ¥ MOMEHT
vHepuyy rpysa. C IOMOIIbIO OTYYEeHHBIX BHIKIATOK
BbIBeJIeHbI (OPMYJIBI AJIsI HAXOXKIEHWS IJIMHbI U Pagu-
yca HUJIMHIPUUECKOTO IPy3a, a TAKXKe pacCMOTPEHBI
COOTBETCTBYIOIIME IIPMMEPhI HAXOXKIEHMUS HEM3BeCT-
HBIX ITapaMeTpPOB.
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Determination of the dimensions of the cylindrical
weight at the end of the rod

Aitbaeva A.A.
Mavlyutov Institute of Mechanics UFRC RAS, Ufa

This article discusses free transverse vibrations of a homogeneous rod. The left end of the rod is clamped, and a
cylindrical weight is concentrated at the right end. The eigenfrequencies of the rod vibration are known. The purpose
of this work is to determine the parameters of the end cylindrical weight of the rod (mass, moment of inertia, length
and radius) by the natural frequencies of the rod vibrations. We use a partial differential equation derivative of the
fourth order to solve this problem. This equation and boundary conditions are reduced to a spectral problem. To
find the mass and moment of inertia of the weight, the «Method of an additional unknown» was applied. In the
characteristic determinant of the spectral problem, there are terms that contain products of unknown coefficients.
The essence of the «Method of an additional unknown» is that some of these products are proposed to be considered
new additional unknowns, through which the rest can be expressed. It is shown that the mass and moment of inertia
of the weight can be found using the three natural frequencies of the rod vibrations. Formulas for finding the length
and radius of a cylindrical weight are obtained, and corresponding examples of finding unknown parameters are
considered.

Keywords: eigenvalues, natural frequencies, cylindrical weight, rod
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