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O npeo6pazoBaHMUAX SKBUBAIEHTHOCTH
rasoamMHamMmyeckux cpea,!

Xa6upos C.B.

MHcTuTyT MexaHnuku um. P.P. MaentotoBa YOUL, PAH, Yda

B pabote paccMoTpeHa KBa3unuHenHas cuctema auddepeHumnanbHbIX ypaBHEHW, ONUCHIBAOLLAN ABUXKEHWUE MaeaNbHON
rasofMHaMU4eCcKoi CNOLIHOM cpeabl. M3 TepMOAMHAMMYECKOro TOXAECTBA CleayeT, 4To cpeda AByXnapaMeTpuyeckas.
YpaBHeHWe COCTOAHUS 33aETC BHYTPEHHEW 3Heprueit B GyHKLUMM OT SHTPOMUMU U yaenbHoro obbeMa. NMpeobpasoBaHus
3KBMBANEHTHOCTU HE U3MEHSIOT BUA CUCTEMBI, HO MEHSIIOT INLLb YpaBHEHUS cOCTOSHUS. HailneHbl npeobpasoBaHus
3KBMBANIEHTHOCTH, Npeobpasyioliune Nnllb TEPMOAMHAMUYECKME NAapaMeTPbl U pacTArMBaloLLne BCe MepeMeHHble.
M3BecTHas rpynnoBas Knaccubumkaums, paciumpsiolas fonyckaemyto rpynny, COCTOUT U3 HalAeHHbIX Npeobpa3oBaHuit
3KBMBaNEHTHOCTU. ECTb AiBa Clyyas He yA0BMeTBOPSIOLLME STOMY NpaBuay. [epBblit cnydyail — ypaBHEHWE COCTOSHMS
JMHENHO no yaenbHoMmy obvemy. Bropoit ciyyait — nng 04HOATOMHOrO rasa, Koraa MoAenb MHBAPUAHTHA OTHOCUTENBHO
MPOEKTUBHOrO Mpeobpa3oBaHus. ECiM ypaBHEHME COCTOSHUS M3MEHSIETCS CO BPEMEHEM, TO HalEeHbl CeMeiiCTBa
YPaBHEHWI COCTOSHMS, ANt KOTOPbIX MPOEKTUBHbIE NPpeobpa3oBaHMs ABAAIOTCSA NPeobpa3oOBaAHUAMMU SKBUBANIEHTHOCTY.

KnioueBblie cnoBa: rasoBas AMHAMMKA, YpaBHEHUE COCTOAHUA, I'Ip606paBOBaHMG 3KBMUBANEHTHOCTH, rpynnoBas

Knaccubukaums

1. BBepeHue

['pynmoBoii aHa/iM3 ypaBHEHMII ra30BOM OMHA-
MUKM Haubonee mpomBuHyT [1, 2]. Halimenst ain-
rebpsl JIu gomyckaeMoii TPyIbl Tpeobpa3oBaHMii.
IIpoBemeHa rpymnmnosasi kinaccudukanmst mo QyHk-
umn A(p,p) = pc?, ¢? = f,, TAe ¢ — CKOPOCTb 3BYKa;
p = f(p,S) — ypaBHeHMe COCTOSIHUS B BUJie [aBje-
HMS KaK QYHKIMM TUIOTHOCTU U 3HTponuu [1, 3]. ITo-
CTPOEHbI ONITUMAJbHbIE CUCTEMbI HETTOL0OHbIX MOAI-
re6p OCHOBHBIX OITycKaeMbIX rpymil [4]. CocTasiieH
rpad BIOKEHHBIX TT0aITe6p, O3BOSIONINIA CTPOUTH
IIEMOYKY BIOKEHHBIX ITOAMOozeNeii [5]. PaccMoTpeHbI
MHOXXeCTBa MHBAapPMaHTHbLIX, YaCTMYHO MHBapUaHT-
HBIX IO MOZe/ell ¥ TOUHBIX pelieHuii, KOTOpbIe TOXe
MOTYT ObITh TIOABEPSKEHBI TPYIIIIOBOMY aHAINU3y. Du-
314ecKas MHTepIipeTanys IoJy4YeHHbIX pelleHuiA, T10-
IOOGHO TOMY, KaK 3TO CAEIaHO /ISl OGHOMEePHBIX HeCTa-
LIMOHAPHBIX IBVMKEHUN U IIJIOCKMX YCTAHOBUBIINXCS

lpa6ora mnopmepkana POOU (rpant N° 18-29-10071) u
cpencTBamu rocyzmapcrseHHoro 3aganus N2 0246-2019-0052.
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6e3BUXPEBBIX TeUEHUIT [6, 7], MameKa OT 3aBeplIeHNs.

B paboTte paccMOTpeHbI ITpeobpa3oBaHMsI SKBMBA-
JIEHTHOCTU, KOTOPbIE U3MEHSIOT JIUIIb YPAaBHEHMS CO-
crosiausie = e(V,S), V = p~!, crauuonapHoro tuma u
¢ = e(t,V,S) HecranmoHapHoro Tuna. [lokasaHo, 4To
BCe pacIIMpeHus JOMYCKaeMbIX TPYIIIT IIPY TPYIIIO-
BOVi Knaccudmkaimm [1] SBASOTCS Tpeobpa3oBaHMs-
MM 9KBUBAJIEHTHOCTM HEKOTOPbIX KIaCCOB YpaBHEHMUIA
COCTOSTHMUSI.

2. UpeanbHble pByXxnapameTpuuyeckue
cpeabl rasoguHaMMU4yeCcKoro Tuna
3aKOHbI COXpaHEHMS MacChl, UMITY/IbCA M SHEPTUU

6e3 BHENTHUX CUJT 1 TEIUIONPOBOZHOCTH B quddepeH-
LIMaibHOI hopMe MMeloT BUL [6]:
Vi+ (- V)V=VV-i,
i+ (ii-V)ii+VVp =0, €]
g+ (- V)e+ VpV-ii =0,
rne V = p~! — ynenbHblii 06beM; p — IJIOTHOCTb;

p — OaBJIeHUEe; € — yIAeJIbHasi BHYTPEHHSASI SOHEPTUS
i — CKOpPOCTHb UaCTULIbI Ta3a B MOMEHT BpeMeH! { B
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TOUKe IpocTpaHcTBa X € R"; V = dy — rpajiueHr.
[sTh CKAJISIPHBIX YPAaBHEHMIT CBSI3BIBAIOT IIECTb Ia30-
IMHAMWYECKUX BeTMYMH. [JIs1 3aMbIKaHUSI CUCTEMBbI
TTOJIb3YIOTCSI SHEPTETUYECKMM TEPMOIMHAMMNYECKUM
TOXIECTBOM

TdS = de + pdV, 2)

CIipaBeIMBBIM B UaCTHUIIe rasa. 31ech T — TeMIepary-
pa; S — sutponus; d — nubdepeniuan; e = e(S, V) —
ypaBHEHME COCTOSIHUSI TePMOIVMHAMMUYECKOM Cpeabl.
Bce Tepmogmuamuyeckue byHkIuu B cucreme (1) 3a-
BUCAT OT f U X. IlokaskeM, KaK CBSI3aHbl (PYHKIIVMU
e(S,V) n g(t,X). Ecnin puddepeHian B3sSTh BIONb
MUpPOBOI nmuHuu D = oy + i - V, To u3 (2) wienyer
YpaBHEHMe [JIS1 SHTPOIUMN

Si+il-VS=0. (3)

OuddepeHupoBanue BOOIb X, t JaeT eme n + 1
PaBEHCTBO

TVS =Ve+4+pVV, TS; =¢e + pV;. 4)

Mgl nosryyaeM 7 + 3 9BOMIOLMOHHBIX YPaBHEHUN, 1
He3BOJIOIMOHHBIX PABEHCTB M 2~ 'n(n — 1) yoioBmit
COBMECTHOCTHM, CPaBHMBAsI CMelllaHHbIe [IPOM3BOAHbIE
dbyskIMYM £(£, X).

B ogHOMepHOM ciryyae n = 1 Bce yHKUMM 3a-
BucAT oT t M x: ¢ = ¢(t,x), V. = V(t,x),S = S(t,x).
Wckrouenne t, x aeT ypaBHeHMe COCTOSIHMS IBYXIIa-
paMeTpUUecKoil cpeppl

e=e(V,S), T=es, p=—ey. 5)
Ilpy n = 2 mU3 yUIOBUI COBMECTHOCTM pa-
BEeHCTB (4) cinenyer
pt px py|=0wm T} T T,|=0=
Vi Vv Wy Vi Vv Wy

p=pV,S), T=T(V,S),aus (2) cnemyer (5). B mpo-
crpaHctBe R"(¥), n > 3 U3 yo10BMit COBMECTHOCTH (4)
cremyer

St Sxi Sx/ , ) St Sxi Sx/
Pt Py Pyi| = 0 (l # ]) wm Ty T Txi =0.
Vi Vi V, Vi Vi Vy

B HOBOI% cucTeMe KoopamHaT S, V, x5, ..., x", oTciona
crenyerp = p(V,S), T = T(V,S),aus (2) cienyer (5).

Uraxk, cpenbl ¢ TepMOOMHAaMUYECKUM TOXIE-
CTBOM (2) IBISIOTCS AByxnapaMeTpuyeckumu. C ypas-
HeHyeM cocTostHus ¢ = e(V, S) IBMKeHMe OIpenes-
eTCs ypaBHeHUSIMU

DV =VV i,

6
Dii = V(eyyVV + EvsvS), DS =0. ©

ST IPYTUX TepMOAMHAMUYECKUX QYHKINIA CripaBem-
JIVBBI YpaBHEHUS

De = Ver . 1_[, Dp = —VeVVV : L_[,

_ . (7
DT = Vegy'V - il.

Eciu eyy > 0, TO cyucTeMa ypaBHEHMI rUIepooIIHa
¥ OTIUCBIBAET IBVKEHUS rasa [6, 7]. s n3amepsieMbIxX
TepMOIMHAMMYECKUX BeyinunH p, V, T ypaBHeHMe CO-
crostHUS U uddepeHIMaIbHble ypaBHEHUS TPUHNA-
MaloT BUp [7]:

p=gv, e=Tgr—g(T,V), S=gr,
grrDp = V(gvvgrr — §3v)V - i, ®)
DT+ VgryV - i=0.

IOunddepennanbHblie ypaBHeHus 1jis V, i u3 (1) u gyst
T u3 (8) 3aJa10T 3aMKHYTYIO CUCTEMY C M3MePSeMbIM
ypaBHEHMEM COCTOSTHUS.

3. O npeo6pasoBaHMSAX DKBUBAJIEHT-
HOCTHU

Cucrema (6) yoo6Ha Ij1s1 IPYIIIIOBOrO aHa/lIN3a,
KOT[Ia Pa3bICKMBAIOTCS ITpeobpa3oBaHMs BCEX Iepe-
MEHHBIX (3aBUCUMBbIX ¥ HE3aBUCUMBIX), OCTaBISIOINX
Heu3MeHHbIMU YpaBHeHUsI cucteMbl. [IpeobpasoBa-
HUSI, He MEHSIONMe YpaBHEHMe COCTOSTHMSI, 00pasy-
0T SIIPO JOITyCKAaeMbIX IPYIII Ipeobpa3oBaHmii. -
po 6610 HalimeHo JI.B. OBcsHHMKOBBIM [3]. OHO co-
CTOUT U3 N1IePEeHOCOB 110 BpeMeHU U [0 TPOCTPaHCTBY,
rajauaeeBbIX IEPEHOCOB (IBMKeHMS Havasa ¢ OCTO-
SIHHOJ CKOPOCTBI0), BpallleHuii BOKPYT JI1060i1 ocu,
MMpOXOoAsIIelt yepe3 Havuaa0 ¥ paBHOMEPHOTO pacTsi-
SKeHMsI 10 BpeMeHM U IIPOCTPAHCTBY. SIapo o6pasyeT
11-mapameTpuyecKylo TpyIny mpeobpa3oBannit. SIua-
PO MOXeT pacIIMPUTCS AJ1S CllelalbHbIX ypaBHEHMI
cocrosinust. Knaccudmkaunio Bcex paciipeHuin cie-
IyeT AeyiaTh C TOYHOCTDBIO A0 ITpeobpa3oBaHmil IKBU-
BaJIEHTHOCTH, KOTHa cucTema (6) He MeHSIeTCs, HO U3-
MeHsIeTCs TUIIb YpaBHeHMe cOCTOsSIHMSL. HekoTopbie
rpeobpasoBaHus 6bUIM 3aMeueHbl B paboTax [1,2], u
C X TIOMOIIIbIO ObUIa MpoAenaHa IPyIrnoBas Kiaccu-
ukanys. OkasbiBaeTCsl, UTO ITOUTH BCE pacIIMpeHNs
SIBJISTIOTCSI TIPE0OPA30BAHUSMY SKBUBAJIEHTHOCTM.

Bbrunmciamm yacTHbIN c1ydait mpeoopa3oBaHmii 9K-
BUBAJIEHTHOCTU CUCTEMBI (6) BUIA

§=h(S,V,e), V=g(S,V,e), S=f(S5,V,e), 9

KOTJja ypaBHeHMe coCTosiHMS € = e(S, V) mepeiigeT B
€ =¢(S,V), T.e. BBIIIOTHEHO COOTHOIIIEHNE

h(S,V,e(S,V)) =
=2(f(S,V,e(S,V)),8(S,V,e(5,V))),

a riepeMeHHbIe {, X, il ”YHBApUAHTHBI.

(10)
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N3 ypaBHeHunii (6) u (7) cienyet
DS = fsDS + fyDV + foDe = 0 = fy + feey = 0;
DV = gsDS +gyDV +g.De = VV - ii
= ¢=V(gv + gev)-

Ecnu ypaBHeHMe cocTOsiHMSI oOuiero Bupa, T.e. gy
IpMHKUMAeT J1100ble 3HaueHus, T0 fy =0, fe = g¢ =0,
g = Vgv (pacuwerienne 1o ey). Jajiee cumraem
S = £(S), V= Vg(S). U3 ypaBHeHuit A/ MMITy/Ibca

Vil = V(3 VV +255VS) = V(eyy VV +eysVS)
cienyer

1)
Ouddepennuposanme (10) mo S u mo V pa-

€T 3aBMUCUMOCTh MEXIY IEePBBIMU ITPOU3BOAHBIMU
byHKIIMI e, €:

eys = g(Vg/gVV Jrflgvg), eyy = g2g‘7‘7

hg 4 hees = ggf, + F€V‘7Vg/, hy + heey = gvg (12)

HanbHeiimee nuddepenuyposanye mo V B cuy (11)
U pacIervieHus 1o ey, eyy

Epp8% = hyv + 2hyeey + heseyy = eyy
=h.=1, hyy =0

omnpenensetr GyHKuuio h = ¢ + Va(S) + p(S), a (12)
NPUHMMAET BUL;

oV + |3/ +eg = ng/ + EVVg’, a+t+ey = gvg
IuddepennupoBanme mo V B cwy (11) gaer

o =gy =d =¢"=0
= a = A, g= C— IIOCTOSIHHbIE.

Takum o6pas3om, mpeobpasoBaHe SKBMBAJTEHTHOCTH
Bua (9) TakOBBI:

S=f(S), V=CV, e=e+ AV +B(S), (13)
rae A, C — Ipou3BO/IbHbIE IOCTOSIHHEIE; f, § — MPO-
M3BOJIbHBIE QYHKLIMM.

Boruncm mpeobpa3oBaHys 9KBUBAIEHTHOCTY —
pacTsbkeHMsI 0611ero BuAa. YunThiBas nmpeobpa3oBa-
Hust (13) 4OCTATOYHO UCKATh MPe06Pa30BaHUS IKBU-
BQJIEHTHOCTM — DACTsDKeHMs BUIA

t=Tt, ¥X=XX, = Ui, &§=Ee.

[

Cucrema (6) ¢ IpoM3BOIbHOI QyHKIIMeEI e(S, V) co-
XpaHsIeT CBOJi BUI, TOJIbKO €C/In

X =TU, E=U> (14)

BasucHbie orepaTopbl 6eCKOHEUHOIT anre6ps! Jin L
TPYIIIBI Mpeo6pa3oBaHMii SKBUBAJIEHTHOCTH B TeKap-
TOBOJ CUCTeMe KOOPAMHAT 3alUChIBAIOTCSI B BUIE
(k=1,2,3)[8]:

Xk = axk’ X3+k = taxk + auk,
Xerx = X0, — 20, +u'd ; — ud

uis
(i,j, k) — KpyroBas nepecTaHOBKa MHIEKCOB (1,2,3);

X10 =0, X171 = t0¢ + xF0; X1p = Voy — poy,
X13 = tdr — ukd j — 260, — 2pd,, Xya = VO, — 0,
(f(8))1 = f(5)as, (B(S))2 = B(S)e,

rae f(S), B(S) — mpousBombHBIE QYHKIMN.

3Iech orepaTopbl IPOAO/IKEHbI HA TPOMU3BOIHYIO
p = —ey AJISL CPaBHEHMS C IPYIIOBOI Kiaccuduka-
1meit u3 pabotsl [3]. EcTb TOMbKO ABA pacMpeHus U3
TPYNIIOBO¥ KnaccuduKauyum, KOTOpble He BXOJST B all-
re6py L. BbISICHUM [1J151 KAKMX YPABHEHU COCTOSTHUS
OHM SIBJISIIOTCS IPE0OPA30BaAHUSIMU SKBUBAIEHTHOCTH.
[TepBoe pacimupeHue 3aa€TCs OIIepaTOPOM KOHTAKT-
HBIX ITpeobpa3oBaHmii [9]

—¢'(—ey)Vay — V (gp(—ey) +eve'(—ey)) 0e—
_(P(_EV)aeV/ CPN #0,

rze ¢(e) — mpou3BoibHas QYHKIVS.

BeckoHeuHas IICEeBOOrpyIIria 3a4aeTcCs
paBeHCTBaMI
- v

= —ey, ey = —u ’ V= ’
p Vv ( )(p) v (p)
- ulp '
E=¢e¢e—Vp+ , e(p)w’ = o).

p w(p) (p

VpaBHeHUs (6) HE U3MEHSTCS IIPU TaKUX IIpeodpaso-
BaHMSIX C TPOM3BOIbHOI PyHKUME w(p) IUIIb IPU
JMHETHOM ypaBHEeHUY COCTOSTHMS

e=—P(S)V+¢(S),
P(S) = P(S)n(P(S)), &(S) = eo(S)
C IIPOM3BONBHOM byHKIMet P(S).

BTopoe paciiiipeHne CBsSI3aHO C MPOEKTUBHBIM
oriepaTopom

l’(tat — ukauk) —+ xf(tax,- + au,-)—
—t(2888 — 3V8V + Msas —+ 5pap), p = —ey,
roe M — IOCTOSTHHAS.

Pemas ypaBHeHus JIu [8], momy4uM IpOEKTUBHbBIE
peo6pa3oBaHMs
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e a — IPYIIoBOi TapaMeTp.
Ha nipou3BoaHbIe Tpeo6pa3oBaHust IIPOIO/DKAIOT-
cs1 1o hopmynam

p=pl—atP, V;=Vi(1—at)?,
r=Vi(1—at) ' —a(0V; —3V)(1—at) 2,

= 5;(1—

] th)M+1,
S, — M+2 g, M+1

Sy = S¢(1—at) —a(¥S;+ MS)(1 —at)M .
Cucrema (6) MHBapMaHTHA OTHOCUTENbHO ITPOEKTUB-
HBIX IIpeobpa3oBaHmii TONbKO, eciu M = 0. YpaBHe-
HME COCTOSIHUSI YOOBJEeTBOpsIeT QyHKIIMOHATIbHOMY
paBeHCTBY

&S, V(1 —at)3) =e(S,V)(1 —at)?.

HOuddepennupoBanve nmo V u 1Mo { NPUBOIUT K
YPaBHEHUIO

3Vey = 2e=e=V23(S) = p= %V‘5/3h(5).

IMonyyeHO ypaBHEHME COCTOSIHUSI OMHOATOMHO-
ro rasa, Mofiejib KOTOPOrO MHBapMaHTHA OTHOCUTE/Ib-
HO IIPOEKTUBHBIX MTpeobpa3oBaHmii. MOKHO v 0606-
IIUTDb YpaBHEHMsA COCTOSHMA, OJII KOTOPbIX ITPOEK-
TUBHOE TTpeo6Gpa3oBaHue OyaeT npeobpasoBaHueEM
9KBUBAJIEHTHOCTU?

4. TasoauMHaMuyeckasa cpepna, MeHslo-
LLLasfcs co BpeMeHeM

MHorocda3sHasi CIUIOLIHAasI cpefja OMMChIBAETCS
MHOXECTBOM TepMOAMHAMUYECKUX [1apaMeTPoB —
KOHIIEHTPAIVSIMY KOMITOHEHT U MX IIOTeHIyasa-
Mu. PU3UKO-XMMIYECKMe [TPeBpalieHMs] COITPOBOXK-
IAI0TCsI IPUTOKAMU TeIUIOBOJ SHepruu. IIpoTekaro-
11[}1€ TIPOLIeCChI OTMCHIBAIOTCS GOMBLIMM KOMTMYECTBOM
ypaBHEHMIA 1 TOCTOSIHHBIX, KOTOPbIe He BCera MOKHO
M3MepuTb. [IIsl pacueTa ABMKEHVSI OTeIbHBIX KOM-
TIOHEHT IT0JIb3YIOTCSI Pa3/IMYHBIMMU YIIPOIEHUSIMU U
ycpenHeHusiMu. ECiv BasKHO 3HATD JBVKEHVE CPeJibl
B L[€JI0M, TO TIPOCTejilliee ycpegHeHe MOKHO 3a/1aTh
M3MEHSIIONIMIMCSI CO BpeMeHeM ypaBHeHMeM COCTOSI-
HYISI /IS XOPOIIO M3YY4eHHOro Ipoliecca. [Ijst 3Toro
HAaJ0 M3MePUTB JIMIIb MOLIHOCTD IIPUTOKA SHEPTUM B
a7eMeHTapHOM o6beMe. JIJisl cpef, C peosiorueil Takue
ypaBHEHMS COCTOSTHMSI u3MepeHsI [10].

PaccMOTpUM Ta30qMHAMMUYECKYIO CIUIOLIHYIO
Cpeny C HeMpephIBHO MEHSIIOUIMMCSI YpaBHEHUEM
COCTOSTHUSI

e=c¢e(t,S,V).

B TepMoaMHaAMMUYECKOM TOXKIECTBE YUNTHIBAETCS
TIPUTOK SHEPTUN

TdS = de—i—pdV—i—udt = T = €, p = —ey, n= —ey,

rJe | — MOITHOCTb IIPUTOKA 3Heprun. B cucreme (6)
U3MEHUTCSI ypaBHEHMeE JJIsI SHTPOIUHU

65D5+Et =0. (15)

ITpeobpasoBanus skBuBaseHTHoCTH (13) 1 (14) ocra-
I0TCS TIPESKHUMMU.

YT0o6bI TPOEKTUBHOE NMPE0Opa3oBaHme ObUIO Mpe-
06pasoBaHMeM 3KBUBAJEHTHOCTH, ypaBHEHME COCTO-
SIHUSL JTO/DKHO YAOBJIETBOPSATH (DYHKIMOHAIBHOMY
paBeHCTBY

E=(t1—at) L, S1—at)M, V(1 —at)3) =
=e(t,S,V)(1 —at)’
Borumciisst mpeobpazoBaHys TPOM3BOSHBIX GYHKLINM e

M TIOJICTABJISIS X B IpeobpasoBaHHOe ypaBHeHMe (15),
MOTYyYUM

MSes + 3Vey = —2e.

Penrenne storo YpaBHEHUA

g = S 2/Me(t,V5-3/M),
e = V2/3(t,85),

M #0;
M=0,

3aJlal0T ypaBHEHMS COCTOSIHUS, [IJISI KOTOPBIX ITPOEK-
TUBHOJi OIepaTop SIBJISIeTCsI mpeobpa3oBaHMeM K-
BUBaJIeHTHOCTU. [IpeoObpa3oBaHMst 9KBUBAJIEHTHOCTH
MCHOb3YIOT JIJISI IPYIIITOBOJ KaaccuduKaumu, Korma
HaXO[ISIT KJIaCChl ypaBHEHMI COCTOSIHUS, C KOTOPbIMM
cUCcTeMa ypaBHEHMIT JoIycKaeT 60Jblle CUMMEeTPUA,
yeM B cydae oOIIero ypaBHeHus1 cocTosiHus. Ecam
M3BECTHA BCS I'PYyIINa Ipeobpa3oBaHMii 9KBUBAJIEHT-
HOCTHU, TO OTITUMAJIbHAsI CUCTeMa TOATPYIIN 3a4aeT
I'PYMIIOBYIO KiaccubuUKaImio.

5. 3aknrwueHue

[nst cTaliOHAPHBIX YpaBHEHMI COCTOSTHUS CUCTe-
Ma KBa3WJIMHEHBIX YpaBHEHMI Ta30AMHAMUYECKOTO
TUIIA OyIeT OByXIlapaMeTpuuecKkoii. [IJis ypaBHEHUS
cocrosiHus £ = e(S, V) onpeneneHsl Mpeobpa3oBaHus
9KBUBAJIEHTHOCTY TePMOAVHAMMUYECKUX [TapaMeTPOB
U 0OIIMX pacTsskeHuit. IIpoeKTUBHbBIE Mpeo6pa3oBa-
HMSI AOTYCKAIOTCST CUCTEMOI ypaBHEHMI B CIyJae CTa-
LIMOHAPHOTO YPaBHEHUSI COCTOSIHUS 1151 OFHOATOMHO-
ro rasa. [I[poexTuBHbIE IPe0bpa30BaHMs SKBUBAJIEHT-
HOCTM BO3MOXKHBI [IJIS1 CIIE€LIMaabHbIX HecTalMOHap-
HbBIX YPaBHEHUI COCTOSTHUSI.
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On equivalence transformations of gasdynamic medium

Khabirov S.V.

Mavlyutov Institute of Mechanics UFRC RAS, Ufa, Russia

In the work we consider a quasilinear system of differential equations describing the motion of ideal gasdynamic
medium. From the thermodynamic identity it follow that the medium is two-parameter. The equation of state is
given by the internal energy as a function of an entropy and a specific volume. The equivalent transformations do
not change the form of the system but change only the equation of state. We found all equivalent transformations
converting only thermodynamic parameters and expanding all variables. The known group classification extended
admitted group consists of the equivalent transformations. There is exclusion when the equation of state is linear
on the specific volume and in the case of oneatomic gas. In the last case the model is invariant under projective
transformations. We found a family of the equations of state for which the projective of transformations are the
equivalent transformations if the equations of state change with the time.

Keywords: gas dynamics, equation of state, equivalent transformation, group classification

References
[1] Ovsyannikov L.V. The “podmodeli” program. Gas dynamics //

Journal of Applied Mathematics and Mechanics. 1994. V. 58,
No. 4. Pp. 601-627.
DOI: 10.1016/0021-8928(94)90137-6

Ovsyannikov L.V. Some results of the implementation of the
“podmodeli” program for the gas dynamics equations // Jour-
nal of Applied Mathematics and Mechanics. 1999. V. 63, No. 3.
Pp. 349-358.

DOI: 10.1016/50021-8928(99)00046-5

Ovsyannikov L.V. [Group properties of differential equations].
Gruppovyye svoystva differentsial’nykh uravneniy. Novosibirsk: pub-
lishing house of the Siberian Branch of the USSR Academy of
Sciences, 1962. P. 239. (In Russian)

Khabirov S.V. Optimal system for sum of two ideals admitted
by hydrodynamic type equations // Ufa Mathematical Journal.
2014.V. 6, No. 2. Pp. 97-101.

DOI: 10.13108/2014-6-2-97

Khabirov S.V.,, Mukminov T.F. Graf of embedded subalgebras
of 11-dimensional symmetry algebra for continuous medium.

(6]

[7]

(8]

]

[10]

Siberian Electronic Mathematical Reports. 2019. V. 16. Pp. 121-
143. (In Russian)
DOI: 10.33048/semi.2019.16.006

Ovsyannikov L.V. [Lectures on the basics of gas dynamics]
Lektsii po osnovam gazovoy dinamiki. Moskva-Izhevsk: Institut
komp’yuternykh issledovaniy, 2003. P. 336. (In Russian)

Rozhdestvensky B.L., Yanenko N.N. [Systems of quasilinear
equations and their applications to gas dynamics]. Sistemy kvazi-
lineynykh uravneniy i ikh prilozheniya k gazovoy dinamike. Moscow:
Nauka, 1968. P. 592.

Ovsiannikov L.V. Group Analysis of Differential Equations.
United States: Elsevier Science, 2014.

Ibragimov N.Kh. Transformation groups applied to mathemat-
ical physics. Riedel, Dordrecht, 1985.

Malkin A.Ya., Isayev A.I. Rheology: conceptions, methods, ap-
plications. ChemTecPublishing. Toronto, Canada. 2005. 485 p.


http://mfs.uimech.org/mfs2021.2.007
http://mfs.uimech.org/mfs2021.2.007
https://doi.org/10.21662/mfs2021.2.007
https://doi.org/10.1016/0021-8928(94)90137-6
https://doi.org/10.1016/S0021-8928(99)00046-5
https://doi.org/10.13108/2014-6-2-97
https://doi.org/10.33048/semi.2019.16.006

ISSN 2658-5782 Tom 16 (2021), N2 2, c. 50-57

O

@M\ MHoz20(da3Hble cucmembl

http://mfs.uimech.org/mfs2021.2.008
DOI: 10.21662/mfs2021.2.008
YOK 534.26

Monyyena: 1.10.2021
MpunsTa: 15.12.2021

YncneHHbIN aHaIU3 aKyCTUYECKOro paccesHus oT
CNos 3ByKOnpoHuu,aeMbix chep!

Hacubynnaesa 3.11.

MHcTuTYyT MexaHuku um. P.P. MasniotoBa YOWUL, PAH, Yda

M3yueHune aBneHUs paccesHUs 3BYKOBbIX BOJIH HA HEOLHOPOAHOCTAX MasiblX Pa3MePOB, OTIMYALLMXCS NIOTHOCTbIO
U (UKM) CKMMAEMOCTbIO OT OCHOBHOW Cpeapl, SIBNSIETCS OAHOM U3 BAXKHEMLLMX 33434 aKyCTUKU, MOCKOAbKY Ha aHHOM
SIBIEHMM OCHOBbLIBAKOTCS MHOTUE MPAKTUYECKME NMPUMEHEHMS aKYCTUYECKMX BOJH, TaKUX KaK MMAPOIOKaLMs, 30HAU-
poBaHue atMocdepbl U OKeaHa, co3faHue nosuumoHupyemoro 3D 3Byka v T.4. B HacTosiwei pabote uccnepyetcs
aKyCTUYECKoe paccesiHne OT CJ108, COCTOSILLENO U3 MHOXECTBA 3BYKOMPOHULLIAEMbIX ChEp, B TPEXMEPHOM MPOCTPaH-
CTBE NpUY BO3AENCTBMM MOHOMONbHOIO MCTOYHMKA M3yYeHUs. [JaHHbIA YaCTHbIM Clydal uMeeT MecTo, koraa 0bnactb,
COAEPXKALLAs MHOXECTBO ManblX HEOAHOPOLHOCTEN, YCIOBHO SBASETCS ABYMEPHOW (OAHOM M3 TpeX pa3MepHOCTeN
MOXHO npeHebpeyb). 3aaya peLleHa YMCNEHHO C NOMOLLbI 0606LLEHHOM METOAMKM pacyeTa, OCHOBAHHOM Ha BbICTPOM
MeTofe MyNIbTUMONEN, KOTOpasi NMO3BOASET AOCTUYb BbICOKOM TOYHOCTM MOJSTYYAEMbIX PE3YNbTAaTOB NMPU MUHUMASbHbIX
3aTpaTax MalMHHOIO BpeMeHW. TeCTUpOBaHUE pPe3ynbTaToB HACTOsLWEN paboTbl, NONYYEHHbIX AN Kanenb BOAbl B BO3-
[yxe, B Npefenax HebonblUoi NOrpeLlHoCTH NMOKa3ano XOpOLUEe COrNacoBaHUE C aHANOMMYHbIMKU pe3ynbTaTaMu Apyrux
nccnenoBaTeneit B CIy4ae XeCTKMX 3BYyKOHeNpoHuLaeMbix chep. MNokasaHo, 4To M3MEHEHME HAMMEHDBLLErO PACCTOAHMUS
Mexay chpepamu CyLLECTBEHHO MEHSIET KaPTUHY KakK KauyeCTBEHHO, TaK U KOMIMYECTBEHHO, NOCKONbKY B3aUMOAENCTBHE
Mexay chepaMmu CUNIbHO 3aBUCUT OT MIOTHOCTU PAcMoNoXeHus chep B KoHbUrypauuu. Mpu NnocTpoeHun amarpaMmm
pacnpeneneHns HOpMUPOBAHHOTO AABEHWUS HA PACCTOSIHUM OT PACCEMBAIOLLENO CN0S Obl0 06HAPYXXEHO, YTO C/I0M
UrpaeT posib ABYMEPHOM ANGPaKLMOHHOMN PELIETKU, UMEIOLEeN pa3InYHY0 CTENEHb NPOXOXAEHNUS aKyCTUUECKUX BOJH,
KOTOpast 3aBMCUT OT COOTHOLLEHMIA (DM3NYECKMX NapaMeTPOB BHELLHEN U BHYTPEHHEN cpes.

KnioueBble cnoBa: aKyCTnyeckoe pacceaHue, paCCEMBaPOLIJ,MVI cnon, 3BYKONpOHULaeMasa cqaep, MEeTOoL Pa3NIoXKeHUA Nno
MYNbTUNONAM, MOHOMONbHbINA UCTOYHMK n3nyvyeHuna, auarpaMma pacnpeneneHna naBneHna

1. BBepeHue

[Ipu m3ydeHUM SIBI€HUS PACCESHUS 3BYKOBBIX
BOJIH B TPEXMEPHOM MPOCTPAHCTBE HA HEOAHOPOIHO-
CTSIX MaJIbIX pa3MepOoB, OTANYAIOILINXCS IVIOTHOCTBIO
U (M) CKUMaeMOCTbIO0 OT OCHOBHO Cpelibl, BO3HU-
KaeT psif moa3angad, yrybJeHHOe UCCieloBaHMe KO-
TOPBIX IMO3BOJISIET TTOTYYUTH OOJIee TIOTHYI0 KapTUHY
IJIsL 0011eit 3amaun. OoHOM U3 TaKuX I10/4,3a5a4 SIBJIS-

Hble TI0/i3aauM MOTYT BO3HUKATh, HAIIpUMeED, B TUJ-
posiokatiuu [1], ipu 30HAMPOBaHUM aTMOchepbl WInN
oKeaHa [1-3] minu npu co3gaHnM MO3UIMOHNPYEMOTO
3D 3ByKa [4], Korga 06;1acTh, copepsKaiasi MHOKECTBO
HUCC/IeqyeMbIX HEOLHOPOLHOCTEN, YCIOBHO SIBJISIETCS
IBYMEPHOV (OGHOM U3 TpeX pa3sMepHOCTeN TaHHOM
061aCTV MOXKHO IIpeHeOpeYb).

B HacTosteit paboTe MccIeayeTcs aKyCTMIeckoe

eTcs onpezeseHye AaBleHNsl Ha HEKOTOPOM pacCTos -
HUM OT PacCemBalollero Cao0sl, COCTOSUIEro U3 MaJbIX
3BYKOIIPpOHMITaeMbIX chep (BOJIHA MMPOXOIUT uepes
TIOBEPXHOCTbD), IIpU BHEIIHEeM Bo3aeiicTBun. ITogo6-

1Pa6ora mopjepxkaHa cpefcTBaMy ToCyJapCTBEHHOTO 3aja-
Hust N2 0246-2019-0052.

© NHctuTyT Mexanuku um. P.P. MasnwotoBa YOI PAH
© Hacubymnaesa 3.110.

paccestHMe OT CJIOSI IPOCTOV KOHGUTYypalun, comepska-
1Iero MHOXKECTBO 3BYKOIIPOHMUIIAeMbIX cdep, B Tpex-
MEepHOM IPOCTPAHCTBE IIpU Bo3deicTBum cepuue-
CKOJ1 BOJIHBI OT MOHOTIOIbHOTO UCTOYHMKA U3TyIeHMUSI.
OCHOBHOJ L1e/TbI0 SIBJISIETCS ITOCTPOEHME Y aHAIM3 Oua-
rpamMm pacrpezejieHust JaBjieHNusI Ha pacCTOSTHUM OT
pacceuBarOIIEro Ca0s MpU pas3jIMUHbIX COOTHOLIEHU-
X GU3UYECKUX TTapaMeTpPOB BHEIIHEN U BHYTpeHHe
cpen, a TakKe INIOTHOCTY PacHoIoKeHUsI cep B KOH-
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duryparumn.

3ajava peliaeTcss B paMKaxX BbIUUCIUTEILHOTO
9KCIIEPMMEHTA C IIOMOIIbI0 06001eHHO YMCIeHHO
TEXHUKU PA3JIOKEHUSI IT0 MYJIBTUIIONSM, M3HAYATbHO
paspaboTaHHO MIJIsSI CJTydasi 3ByKOHEITPOHUIIaeMbIX
cdep (Bo/IHA He MTPOXOIAT Yepe3 MOBEPXHOCTD) C TIPO-
M3BOJIbHBIM KOMILIEKCHBIM COIIPOTUBJIEHMEM B pa-
6ore [5]. O6061IeHMe TAHHOM TEXHUKN IJIST Cydast
3BYKOITPOHUIIAEMBIX chep B YACTHOM CTyuyae, Koraa
LIEHTPBI cdep JeKaT Ha OMHOM OCH, IIPeCTaBIeHO B
paborax [6, 7]. BpIOOD TaHHOI METOAVIKY Pa3IOXKEHUS
10 MYJIbTUIIONSIM OGYC/IOBJIEH T€M, YTO OHA TTO3BOJISI-
eT JOCTUYb BBICOKOI TOUHOCTU TIOTyYaeMbIX pe3y/b-
TaTOB MPU MMHMUMAJIbHBIX 3aTpaTax MpoLeCCOPHOTO
BpEMEHM.

OTMeTHUM, UTO [J151 UCC/IeAOBaHUI B HACTOSIIEN
paboTe GblTa BbIOpaHa KOHGUIYpaLus, TPeaaosKeH-
Has B pabore [5], TOCKOJIbKY OHA, B OTJIMYME OT YNC-
JIEHHBIX UCCeOBaHUIi OPYTUX aBTOPOB, COLEPXKUT
6o5ee Tpex cdep. ITO MO3BOJISIET TPOBECTU Bepubu-
KaluIo TIpeCTaB/IeHHOM YMCIeHHO MO Ha IIPpU-
Mepe CUCTeMbI, COCTOSIIIEel 13 GOBIIOro uncia che-
puyecKkux 4acTull. B manapHeiiieM Ha OCHOBe TaHHOM
MOJeNM OYIyT UCCaeI0BaHbl 60/iee CI0KHbIE CTPYK-
TYPBI [IJI51 3BYKOIIPOHMIIAEMBIX Ccep, Tak Kak 3amada
B 001IleM cTydyae He orpaHMyeHa KOHQUTYpaIusIMu
MPOCTO¥ (GOPMBI.

2. MNocraHoBKa 3aaayuM U OCHOBHbIE
ypaBHeHUS

B ob6miem crydae 3afava paccestHus 3ByKa oT N
3BYKOIIPOHUITAEMBIX Chep pasIMUHbIX PAANYCOB d,
(v =1,...,N) c ueHTpamMu B KOOpAMHATaxX r; CBOJUT-
s K penieH0 ypaBHeHus1 ['enbmrosnbua [8] ojst Kom-
IUIEKCHOTO MOTeHIMaa y(r) B TOuke BHe cdep, uMe-
IOllleli B IeKapTOBOI cUcTeMe KOOpAMHAT pagnyc—
BEKTOP I, C BOJIHOBBIM UMCJIOM kg

V2y + kgy =0 (1)

M TPAaHUYHBIMM YCIOBMSIMY, BBIPAKAIOUIVMU pa-

BEHCTBa MOTEHIMala ¥ HOPMAaJbHBIX COCTABIISIO-

I[MX CKOPOCTY YaCTHUI] HA TOBEPXHOCTHM v-0i1 chepbl
. /| — .

So={r:|r—r,| =a,}:

(v —win)) |, =0 @)
(o)
1dy 19y, B B
%g 67 =0, v=1,..,N, (3)

v

v o o
roe Wi(nt) — KOMIUJIEKCHBIN IIOTE€HLMAJI BHYTPU U-U

cdepbl, KOTOPBIN TaKKe YIOBIETBOPSIET YPAaBHEHUIO
lenbMronbiia, HO C BOTHOBBIM YMCIOM ky [JISI BHYT-
peHHel1 cpefpbl:
2.,(0) 4 g2, (0) _
Vo kv, = 0.

int

B dopmyiie (3) pg — IMJIOTHOCTD BHEITHEN CPEbI; Py —
TJIOTHOCTD Cpeibl BHYTPU v-i1 chephl.

[ToTeHuVan BHENIHErO MOJIS MIPENCTABISIETCS B
wtenmyoleit popme:

y(r)

I7e i, (r) — moTeHnMas Najaouiero most; Yseat () —
[TOTEHIIVMAJI [T0JISI pACCesTHMS, KOTOPBIi YIOB/IETBOPSIET
YCI0BUIO U3TyueHnus 3oMmmMepdebia, COOTBETCTBYIO-
1eMy 3aTyXawmmmM Ha 6eCKOHEeYHOCTY BoiHaM [9]:

. a scat
1 OWscat
im r < o

= Vin (1‘) + Wscat (l‘), “4)

ikOWscat) =0.

[ToreHuMan nons paccesiHus B COOTBETCTBUM C Me-
TOMOM Pa3JIOKEeHMS IO MYJIbTUIIONSIM [5] B cucTeMax
OTCYeTa, CBSI3aHHBIX C LeHTpaMu cdep (r — ¥, = t, =
= (rv,0y,9y), v = 1,..., N), IpencTaBseTcs B BUIe

PV

"M (x,), (5)

Wscat

H
i MZ

(0)m
rme A,’ — HeusBecTHbIe KO3(PhUIMeHThI pasioxe-
HUS TI0 MYIBTUITONSIM; S™ (¥,) = hy (kory) Y (0y, ¢p) —
MYJIBTUITOND TIOPSIIKA 11 U CTeTIeHU m; hy, (z ) — cdepu-
yeckre GyHkumu Xankens 1-ro tuna [10]; Y;'(6, @) —
OpTOroHasbHbIe cheprueckyie rapMOHUKH; @ IOTEH-
Iy1aJ1 Ma/IafoIero Moys —

=Y Y

n=0m=—n

Vin (T )Ry (o), (6)

roe Cmn( 1) — Ko3dduImeHTs pasaokeHus maga-
/ . H
IOIIEro MmoJyisi OKoJIo ¥ = ¥,; R"(r,) jn(kory) X
X Y6y, py) — perynsipHble GyHIaMEHTAIbHbIE pe-
HIeHUs ypaBHeHUs [elbMTosiblia B chepuIecKmx Ko-
OpIMHATax, CBsI3aHHbIe C v-i cdepoii; j, (z) — chepu-
yeckue dyHkimu beccens 1-ro Tuna [10].
OKOHYaTeNbHO 3a/iaua CBOLUTCS K PeIIeHNI0 CH-
CTeMbl JIMHEVHBIX YPaBHEHUI OTHOCUTEIbHO HEU3-
(v)s
BECTHBIX KO3G(uIMEHTOB A", KOTOPYIO OGBIUYHO
MPEeACTABISIOT B MATPUUYHOM Buze. sl cydast 3By-
KOIIPOHUIIaeMbIX chep umeem

LA =D, )
roe
A={Ag, D={Ds}, L={Lu},
Ay =AY,
Dy = =B Cli (51
L= L3 = " (SIR)j (X) B 0 # w0,

O WAV = w;
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ng)m _ ]'n(kOC’W)]:gz (kwaw) — KlUjil’;(kanU)j}"l(kwaw) ’ p
hn (Kotw ) j (kwftw) — Kawhy (koaw ) jn (Kwiw) A XX I
u=(0—1)(ny+12+(1+1)2=(—5s), Y Yoy
1=0,1, n, 5=—L..1 , L0
b= (w—1)(n +1)2 + (n+172 — (n—m), o o S
n=20,1,.,n4, m=-—-n,...,n ——0—p— -
i=(1+12=(1-s); E=n+1)2=(n—m); AKX X
v,w=1,..N. B X

3nech (S|R);" (¥}y,) — KO3 OUILMEHTbI epexosia mpu
IIOBTOPHOM Pas3J/IOKeHMM, KOTOPbIe 3aBUCST OT OTHO-

CUTEbHOTO MONOXKeHMs v-1 U w-ii cdep ), [5]; ij")’”
ko pw ]
WKy = 3~~~ — BBEJICHHbIE TAPAMETPBI; 0,7 — CUM-
w PO

Bon KpoHekepa; 1y, — 4MCI0 UIeHOB I10 11 TIpU yceue-
HUU PSAIOB B pasiokeHusix (5) u (6). OTMeTuMm, 4TO B
HAaCTOsIIe paboTe Mpy OIpeneIeHNM YNCIa 1y, UC-
T10/Ib30BAJICA TTOAXO0A, [11], IPU KOTOPOM yceueHue psi-
JIOB OCHOBBIBAeTCS HA CPaBHEHUM [IBYX TOCIe0Ba-
TeTbHBIX 3HAUEHUI1 CYMMBbI MCKOMOTO psifa X (TIpu
n; = Ny U N1 = Ny + 1): KaK TOIbKO UX OTHOCU-
Te/bHask HOTPeIHOCTD & = [(Xy, — Ly 41/ Xy,| - 100 %
CTAHOBUTCSI MEHbIIIE HEKOTOPOTO (GUKCUPOBAHHOTO
3HAUEHMs O 7y, NANBHENIINIA pacyeT CyMMBI psifia Tipe-
KpaujaeTcs: U MPUHUMAEeTCsl 3HaUeHue 1y, = ;.

PaccmoTpum paccemBaromiuii Cioi, COCTOSIIINIA
u3 N =1 x Ny X N; 3ByKOIIPOHUIA€MbIX cdep ogHO-
ro paguyca a, paBHOMepPHO paclipeieJieHHbIX B I1JI0C-
KocTi Oyz C HaMEeHBbLIYM PacCTOSHMEM MeXIy LeH-
Tpamu cocenHux cdep 8,1 = 8,1 = 8l (koHdurypaumus
B cydae Ny, = N; = 11 mpericrasiena ua puc. 1). Mo-
HOTIOMbHBIV UICTOYHUK U3TyYeHMsT Mg pacIionokKeH Ha
ocu Ox Ha paccTosiHuM d OT Iiockoctu x = 0, conep-
Kaleit eHTpsl cdep, To ecTb B Touke Mg = (—4,0,0),
a TOYKa pacueTa Jj1s TECTOBOI 3aauu M- — Ha 3TOi
>Ke OCU, CUMMEeTPUYHO OTHOCUTENIbHO JaHHOT TIOC-
KOCTH, TO eCThb B Touke Mc = (d,0,0).

3. YucneHHble pe3ynbTaThbl

[Tpu uMcneHHO peanu3aluy TEXHUKY Pa3jioxKe-
HUS TI0 MYJIBTUIIONSAM GbUT paspaboTaH IMPOrpaMm-
HbBII KOZ Ha SI3bIKe IMporpammupoBaHus Fortran 90
(GCC) B cpeme MSYS2 (MinGW-w64) ¢ mogkioue-
Hnem 6ubmorexku LAPACK [12]. s BbIYMC/IeHUS
CrielIManbHbIX chepuueckux QyHKIMII ObLIM amar-
TUPOBAHBI IPOrpaMMHble Kopnbl [13] mnsa crenu-
JIbHBIX UWIMHAPUUYECKUX (PYHKIIMI, HaMMCaHHbIe
Ha s3bIKe Fortran 77.

Bepudukaiius pacueToB HaCTOSIIEl PabOTHI IIPO-
BOIMJIACH ITyTEM CpaBHEHUS ¢ KOHGUTrYypauye, rpes-
CTaBJIeHHO Ha puc. 1, s caydyast 3ByKOHEeIIpOHU-
1[aeMbIX JXeCTKuX chep, KOTopble 6bUIM paccMOTpe-

y

y

Puc. 1. PaccenBarowmit cnoit us 121 paBHoMepHo pac-
npepeneHHbix B nnockoctn Oyz chep oaHoro pa-
anyca a: 8l — HauMeHblee pacCcTosHMe Mexay
ueHTpamu cdep; Mg — MOHOMOSbHbIA UCTOYHMK
usnyyenus; Mc — ToUKa pacyeTta Ans TeCTOBOW
EEVERTY]

HbI B pabore [5]. s Toro 4yTo6bl TaHHOE CpaBHe-
HMe ObLJI0 BO3MOXKHBIM B paMKaX ITOCTaBJIEHHON B
HacTosIei pabore 3amauM, HEOOXOAVMO BHYTPEH-
HIOIO ¥ BHEIIIHIOI Cpeabl BbIOPATh TAKUM 00pa3oM,
YTOOBI OTHOIIIEHMS YIIPYroCTeil BemiecTBa CQepsl
(to = poC?) ¥ BHELIHet cpemsl (g = poc3) U ILIOT-
HOCTeli BHYTPEHHEl U BHEINIHel cpen ObLIM GOJb-
mmmu [8], To ecTb % /%0 > 1 m po/po > 1. To-
IIa B KauecTBe BHEIIHEeH cpeibl MOXKET ObITh BbI-
6paHa cpena ¢ GU3MUECKMMM CBOMCTBAMM BO3[yXa
(po = 1.205 xr/M3, cy = 343.1 M/c), a BHYTpeHHeil —
BOIBI (py = 998 KI/M°, ¢, = 1484 m/c). B cooTBeT-
CTBUU C paboTOIi [5] 3amagum ciemyIonye napaMeTphbl:
yucio cdep B KoHQurypamyu N = 1 x 11 x 11 = 121,
HauMeHblllee pacCTOSTHME MEXKAY LeHTpaMM COCe[i-
Hux cdep 8! = 5a, pagnyc cepsl a = 1, paccTosiHME
d = 10a, TO eCTb MOHOITOJIbHBII MCTOUHNUK U3TyUEHMS
M pacrionoxeH B Touke (—104,0,0), a Touka pacueTa
Mc — B Touke (104,0,0). IIpu 1y = 5 OJi1 BOTHOBBIX
pagnycoB kga = 1, 3 u 5 paccunThIiBasiach QyHKIINS

‘V|MC
\'Iil’l|MC

STF = ZOIg‘

OTHOCUTETbHBIE ITOTPEITHOCTY MEKAY PACUETHBIMU
3HAUYEHMSIMM HACTOSIIE paGoThI [JIs1 Karelb BOIbI
B BO3[yXe Y UMC/IEHHbIMM 3HAUEHUSIMU, IOTyYeHHbI-
MM B pabore [5] I71s1 SKeCTKMX 3BYKOHEIPOHUIaeMbIX
cdep, myist koa = 1 paBubt 0.19 %; st kga = 3 —0.92%
u st koga = 5 — 4.64 % . YBenuueHue MorpeirHoCcT
C POCTOM BOJTHOBOTO paanyca koa 06YCJIOBJIIEHO TEM,
YTO, YeM BbIIIE koa, TeM He0OXOAMMO OOJIbIIee UMCIO
YJIEHOB 114, TIPU YCEUEHUM PSAIOOB B Pa3jIOKeHUM, TIPU
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Puc. 2. 3HaueHne HOPMMPOBAHHOIO faBneHus |p/piy| B Touke Mc =

KOTOPOM [IOCTMTaeTCsl YCTOMYMBOE pellieHne, a, cjie-
IOBaTebHO, TeM 6OJIbllle OTK/IOHEH)E KOHEUHOTO pe-
3y/IbTaTa OT CJTyYasi MaJIbIX KeCTKUX cdep. TakuM 06-
pPa3oM, pe3y/IbTaThl HACTOSIIEN PaGOThI, TONTyYEHHbBIE
IUISI KaTiesib BOZbI B BO3/yXe, B IIpee/iax HeOOMbIIoN
MIOTPEIIHOCTY XOPOIIO COIIACYIOTCS C aHATOTMYHBIMMU
pesyabTaTaMu ISl MaJIbIX JKeCTKMX chep.

Ha puc. 2 mpepacraB/ieHbl pe3yabTaTbl pacue-
TOB HOPDMMPOBAHHOTO [aBIeHUS |p/pin| B TOUKe
M¢ = (104,0,0) nnst koHGUTypanuu, IpencTaBieH-
HOM Ha puc. 1, M 3HaYEeHUI BOJHOBBIX PagUYyCOB
koa =1,2,3,4mu5, a Takke Ijis pa3aIUMIHbIX (QU3NU-
YyeCKMUX MapaMeTpoOB BHEIIHEN ¥ BHYTPeHHel cpen,
a MMEHHO: AJis1 Karenb BOAbl B BO3AYyXe, BO3IYII-
HbIX ITy3bIPbKOB B BOAEe U Kallejib OMXJ0p3TaHa
(po = 1252.6 /M3, ¢, = 1034 m/c) B Boze. Paccmor-
PeHBbI cy4au, Koraa KoHQUrypamum oimdarTcs ync-
oM chep N = 121 u N = 81 (cm. puc. 2 (a), (6) u
puc. 2 (), (T) COOTBETCTBEHHO) 1 HAMMEHBIIIMM pac-
CTOSTHMEM MeXKAay LeHTpamMu cdep 8! = 3a u 8] = 5a
(cm. puc. 2 (a), (B) u puc. 2 (6), (Ir) COOTBETCTBEHHO).

OTMETI/IM, YTO CBA3b MEXOY aKyCTUYeCKUM
AaBJIEHMEM p U TIIOTEHLIMAJIOM VY OIIpeneisieTcsa

(1011, 0,0) B 3aBUCMMOCTH OT BOJIHOBOIO YMC-
na koa =1,2,3,4,5 npu ny, = 8 Ans pasnuuHbix KoHdurypaumit cuctembl: N = 1 x 11 x 11, 8] = 3a (a);
N=1x11x11,8l =5a (6); N =1x9x%x9,08] =3a(@8); N =1x9x9,08] = 5a (2) u paznuuHbix ¢pu3u-
YeckMx NapamMeTpoB BHELLUHEN 1 BHYTPeHHeW cpef: 1 — Kanns BoAbl B BO3AyXe; 2 — BO3AYLUHbIN Ny3blpek B BOAE;
3 — kanng guMxnopaTaHa B BoAe

c1egyromyumM COOTHOIIEHMEM

o dy .
p—pg—lwﬁ)\lﬂ

[I03TOMY 3HAU€HUS p U p;, BbIPAXKalOTCsl uepes COoT-
BETCTBYIOIYE MTOTeHIMAIBI C TOYHOCTBIO [0 ITOCTOSIH-
HO1 BeJIMUMHBI imp.

CpaBHeHMe [aHHbBIX, TMpeACTaBIeHHbIX Ha
puc. 2 (a) u (B), TaKk ke, Kak 1 Ha puc. 2 (6) u (T), IoKa-
3aJ10, UTO YMEHbIIIeHMe uncia cep 1o nepuMeTpy B
KOH(MUTrypamyum HecyleCTBEHHO BIMsIeT Ha 3HAUeHMe
pacuyeTHOI QYHKIIMY B TOUKe M Kak KaueCTBEHHO,
Tak ¥ KOJMYECTBEHHO: MOIYJIb PAa3sHOCTU MEXIY
COOTBETCTBYIOIIMMU BeIMUYMHAMM He TMpPEBBIIIaeT
sHauenust 0.24. A cpaBHeHMe puc. 2 (a) u (6) (aHasO-
TMYHO, puUc. 2 (B) u (T)) LaeT, 4TO IIpU U3MEHEHUN
HaVMeHbIIIET0 PacCTOSTHUS MeKAY chepaMy KapTUHA
B pacyeTHOl TOYKe CYLIeCTBEHHO MEHSeTCs Kak
KayeCTBEHHO, TaK U KOTMYECTBEHHO, TOCKOIbKY B3au-
MoOAEeCTBME MeXXIy chepaMy 3aBUCUT OT TVIOTHOCTU
pacrionoxkeHust cep B KOHGUTypaIu.

Ha pwuc. 3-5 nipencraBiieHbl AMarpaMMbl pacrpe-
JeJleHVs HOPMMPOBAaHHOTO JaBieHus |p/ pi, | Ha pac-
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1.1
1.05
1 _
=
~
=
s
0.95
0.9
0.85
y/a (a) yla ©)
Puc. 3. lIMarpamMMmbl pacnpeneneHus HOpMUPOBAHHOTO AABNEHUS |p/ pin| ANS CNyyas Kanenb BOAbl B Bo3ayxe npu &l = 3a
nkopa =181 yetBepTH B nnockoctax x = —10a (@) u x = 10a (6)
1.8 0.16
1.5 15
0.12
1.2 12
=3 s =
0.9 = <9 0.08 =
= =
0.6 6
0.04
0.3 3
0 0 0
y/a (a) y/a ©)
Puc. 4. larpaMMbl pacnpeneneHnsi HOpMUPOBAHHOTO AABNEHUS |p/ Pin| AN CNyUas BO3AYLIHbIX NY3bIPbKOB B BOAE NPU
8l = 3aun koa = 1 8 | yeTBepT1 B NnockocTax x = —10a (a) u x = 10a (6)
1.1 1.1
1.05
1
= =
~ ~
= L3
= s
0.9
0.95
0.8 0.9
0
(@) v/a @

Puc. 5. larpamMMbl pacnpefeneHnsl HOpMUPOBAHHOTO AABNEHUS |p/ piy| BNIS Cy4as Kanenb AMXIOPITaHa B BOAE NMpU
6l =3ankga = 18 | yetBepTH B nnockocTax x = —10a (a) u x = 10a (6)
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CTOSTHUM OT PacCeuBaroIIero ¢Jiosi: B IIOCKOCTH, CO-
Jlepskaleli MOHOIIONMbHBIN UCTOYHUK U3TydyeHUsT Mg,
T7ie Ha pacipeneeHye NaBIeHs B OCHOBHOM BIVSIIOT
BOJIHBI, paccessHHbIe CUCTeMOVi chep B 06PATHOM K Ia-
Jaroleii cheprueckoii BOJIHE HaIlpaBAeHUM, U B CUM-
MEeTPUYHOM el (OTHOCUTEIBHO PacCenBaIOLIEro CJI0s)
TJIOCKOCTH, TAe Ha pacrpeeneHe JaBieHns BIUSIOT
BOJIHBI, IpOIIeAlINe CKBO3b TAaHHbINM C10ii. PaccMoT-
peHa KoHMUTrypays, npeacTaBaeHHas Ha puc. 1, mpu
ciepytounx napametrpax: N = 1 x 11 x 11, 8] = 3a,
koa = 1. IlpuBeneHbl AMarpaMMbl i1 BHEITHUX U
BHYTPEHHUX Cpell, COOTBETCTBYIOIIME KATlJISIM BOJbI
B Bo3ayxe (puC. 3), BO3AYIIHBLIM Iy3bIpbKaM B BOJe
(puc. 4) ¥ KariaM IUXJa0p3TaHa B Bome (puc. 5). ITo-
CKOJIbKY CCTeMa CMMMETPUYHA OTHOCUTEIBHO Oceii
Ox u1 Oy, TO pacueTsl IPOBeZieHbI TOJIBKO B | UeTBepTu.
UYneio pacueTHBIX TOUEK IIOCKOCTH: 91 X 91.

[IpencraBieHHble OMAarpaMMbl IMOKa3bIBAIOT
wlenymolee:

* ecny pu3MUecKue apamMeTpsl BHEITHEl U BHYT-
peHHeil cpe[ YOOBJIETBOPSIOT COOTHOLIEHUSIM
Yo/%0 > 1 ¥ py/po > 1 (CIydaii Kamesb BOIbI
B BO3[yXe), TO GOJbIIIAst YaCTh BOJIH OTPaskKaeTCst
OT pacceuBalolLero ¢1os (IaBjaeHKe B INIOCKOCTYU
x = —10a OTKIIOHSETCS OT HauaabHOro Ha +30 %),
B TO BpeMsl, KaK MeHbIIIasl YaCTh BOJH TPOXOAUT
yepes Hero (OTKJIOHEeHMe JaBJieHNs OT HauyaJlbHO-
r'0 B IJTIOCKOCTH 3a CJIOeM He IpeBbIiaeT 15 %);

* eC/IM BBITIOJHSIIOTCSI COOTHOIIEHUS ¥y /Yo <K 11
pv/po < 1 (cTydalt BO3OYIIHBIX My3bIPHKOB B BO-
Jle), TO OCHOBHAS 4aCTh BOJIH OTPakaeTcs (OTKIO0-
HeHMe JaBjeHNsI OT Haua/JbHOTO JoxoauT go 80 %,
a 3a CJIoeM HOPMMPOBAHHOe IaBjeHue |p/ p;,| na-
naet no 3HaueHmit 0.16 u HIXKe);

* ecnu pu3MUYeCKye MapaMeTpbl BHEITHEN U BHYT-
pEeHHel cpefl COMOCTaBUMBbI OPYT C APYrOM —
Yo/ = 1Y py/po ~ 1 (O Kamenab AUXJI0pITa-
Ha B BOfle UMeeM Y, /Yo ~ 0.6 M py/pg ~ 1.3),
TO YaCTh BOJIH OTPAXaeTCs OT €051, & YaCTh IMPO-
XOIWUT Yepe3 Hero (OTKIOHeHMe aBaeHus OT Ha-
YaJIbHOTO cocTaBisieT ~ 10 % ¢ 06eux CTOPOH OT
paccenBaroniero Caos).

B Tab6n. 1 mnsg muarpamm, IpeacTaBAeHHbIX Ha
puc. 3-5, IpUBEIEHO YMCJIO WIEHOB 1y IIPU yceue-
HUU DPALIOB, NOJYYEHHOE C IIOMOINbI0 nmoaxona [11]
npu o fix = 1 % 111 BCexX pacyeTHbBIX TOYEK IVIOCKOCTU.
17151 pacCMOTpEHHBIX CTydyaeB MpU NOCTPOEHUM Aua-
rpaMM JOCTAaTOYHO OpaTh 14 = 3 KPOMe AMarpaMMbl
Ha puc. 4 (6), A7 KOTOPOJi HeoO6XOAMMasi TOYHOCTh
IJISI BCEX TOUEK MJIOCKOCTU OOCTUTAETCS IIPU 1y = 5.
B mauHoi#1 Tabnuliie MpUBeIeHbI TAKKe 3HAUEHMS Hau-
GOJIbIIeN &y, M HAMMEHBIIEH §,,;;, OTHOCUTEbHBIX

Tabnuua 1. Yucno yneHoB Npu yceueHumn psaos 1y, Hau-
60nbWas dy4x U HAMMeEHbLAS O,,j;, OTHOCK-
Te/bHble NMOTPELIHOCTY ANS AMarpamMm, npes-
CTaBNEHHbIX HA puc. 3-5

puc. | 1y Omaxs % dpmins %

3(a) | 3 [625-1002] 9-10°°

306)] 3 0.27 1.09-107°
4@ | 3 0.66 1.05-107°
40)] 5 [9.73-107%2]398-107°
5@ | 3 |476-1073]297-10°8
5)| 3 [135-10%2 | 6.16-10°8

MOrpemnrHocTeit. BUIHO, 4TO MOrPeIIHOCTh MEHbIIIE B
cTyyae Karmesib JUxJIOpITaHa B Bojie, TO eCTb, Korja dhu-
3MYeCcKye mapaMeTpbl BHyTPEHHe 1 BHEITHET cpe
COTIOCTaBMMBI IPYT C IPYroM. BosbIrast morpenrHocThb
BO3HMKAET IPY pacyeTe B IVIOCKOCTH 3a CJIOEM Karesb
BOZbI B BO3/1yXe, a TaKKe B INIOCKOCTU Tepe[] cJioeM
BO3/IYIIHBIX ITy3bIPbKOB B BOJIE.

4. 3akJiroueHue

B HacTos1Iel paboTe MpOBeIeHOo MCCIeI0BaHNe
AKyCTUYECKOTO paccesstHus OT (JIOSI 3BYKOITPOHMIIae-
MbIX cpep IIpy BO3AEMCTBIM MOHOIIOIBHOTO MCTOYHM-
Ka usnyuenus. [[poBegeHa Bepudukaims KOMIIbIOTED-
HOV MOZ,e/IN C YMCJIEHHBIMY JaHHBIMMY, TTOTyYeHHBIMU
IPYTUMU UCCIeO0BATENSIMMU JIJISI CJTy4dast CI0ST SKeCTKUX
3BYKOHEITPOHMIIaeMbIX cdhep, KOTOopas ImoKasaaa Xopo-
II1ee KaueCTBEHHOe U KOJIMYeCTBEHHOe COIIaCOBaHMS
(oTHOCHUTEbHAS TTOTPEITHOCTD He MpeBbiliaeT 4.64 %
JIJISI BOJIHOBBIX uncen kga < 5).

[TocTpoeHHBIE AMATPpaMMBbI pacIipeneieHns Hop-
MMPOBAHHOIO IaBJI€HMS Ha PACCTOSIHUM OT paccenBa-
IOIIEro CI0S IS Pa3IMYHbIX 3HAUeHMI PU3nMIecKux
rapaMeTpoB (IVIOTHOCTb M CKOPOCTb 3ByKa) BHeIll-
Heil M BHYTPEHHe1 cpefi [10Ka3ajau, YTO CJIOM urpaer
POJIb ABYMEPHOM I PaKIMOHHOM pelleTKN, MMe0-
1IeJ pa3/IMUHYIO CTEIIeHb MPOXOXKAEHUS yepe3 CyIoi
BOJTH, KOTOPAsI 3aBUCUT OT COOTHOIIeHNH (HU3UIeCKIX
rapaMeTpoB BHellIHell 1 BHyTpeHHet cpex. [Tpu rmo-
CTPOEHUM JaHHBIX AMarpaMm OIlpelie/ieHO 3HaueHue
YuMciIa yceueHusl psimoB 7y, obecreurBaoiiee Heoo6xo-
JVIMYIO TOYHOCTb pacueTa.

OTmeTuM, YTO AMArpamMmel, ITIOCTPOEHHBIE C I10-
MOIbI0 PACCMOTPEHHOI'0 NTOAX0A K U3YUEHUIO aKy-
CTUYECKOTO U3TyYeHMsI OT MHOKecTBa cdep, B OT/IU-
Yue OT IOJIXO[0B, OCHOBAHHBIX HA OCpeJHEeHHBIX ypaB-
HEHMSIX, TO3BOJISIIOT HAVISIAHO TPOLEMOHCTPUPOBATD
MOJIHYI0 KapTUHY pacIipeneyieHus NaBJIeHs BHe CU-
cTeMbl cdep, B TOM UKcIe 151 OTIpeesieHus 30H I10-
BBILIEHUS U [IOHVKEeHUS JaBIeHUS.

B ImanpHelimem IUIaHUPYeTCS IIpOBedeHue
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Numerical analysis of acoustic scattering
from a layer of sound-permeable spheres

Nasibullaeva E.Sh.
Mavlyutov Institute of Mechanics UFRC RAS, Ufa, Russia

The study of the phenomenon of sound waves scattering by small inhomogeneities, that differ in density and (or)
compressibility from the main medium, is one of the important acoustics problems. This is due to the fact that many
practical acoustic waves applications are based on this phenomenon, such as hydrolocation, the atmosphere and
ocean sounding, creating positionable 3D sound, etc. In the present work, acoustic scattering from a layer consisting
of many sound-permeable spheres in 3D space under the monopole radiation source action is investigated. This
particular case takes place when a region containing many small inhomogeneities is conventionally two-dimensional
(one of three dimensions can be neglected). The problem is solved numerically using a generalized numerical
technique based on the fast multipole method, which allows achieving high accuracy of the results with minimal
computer time. Verifying the results of the present work, obtained for water droplets in air, within a small error,
showed good agreement with similar results of other researchers for soundproof spheres. It is found that a change in
the smallest distance between the spheres significantly changes the calculated function values both qualitatively and
quantitatively, since the interaction between the spheres highly depends on the density of the sphere arrangement
in the configuration. Normalized pressure distribution diagrams, plotted at a distance from the scattering layer,
showed that the layer is a two-dimensional diffraction grating analog, which has a different degree of acoustic wave
penetration that depends on the ratio of the physical parameters of the external and internal media.

Keywords: acoustic scattering, scattering layer, sound-permeable spheres, multipole expansion method, monopole
radiation source, pressure distribution diagram
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Ucnosib3oBaHMe CBOGOAHDbIX MporpaMm ang o6paboTku u
BU3yasM3aLMUM Pe3yNbTaTOB HAaYUYHbIX uccaenoBaHuii'

Hacubynnaes WU.LL.
MHcTUTYT MexaHuku um. P.P. MaeniotoBa YOULL PAH, Yoda

B pabote npencraBneHbl 0630p M NpuUMepbl IpUMeHeHUs cBOH6oAHOro nporpaMMHoro obecneyeHus ans o6paboTku,
aHanusa v BM3yanusaummn pesynsTaToB BblUMCIUTENbHBIX M HAaTYpPHbIX 3KCMepuMeHToB. PaccMoTpeHa peanusaums AByX
CTaHAAPTHbIX METOA0B anNpPOKCMMaLMM U aHANU3a AAHHbIX: METOA HAaMMEHbLUMX KBaLpaTOB M OPTOrOHasbHOE LLeHTpasb-
HOe KOMMO3MLMOHHOE NiaHnpoBaHue. [NepBblii MeTOA NO3BONSET NPOBECTU anNPOKCUMALMIO TaBNMYHBIX AAHHbIX B BUAE
MOJIMHOMA MPOW3BOJIbHOW cTeneHu. MNpu NoBbIWEHWM CTENEHN NOAUMHOMA TOYHOCTb anNMPOKCMMALIMM BO3PACTaET, HO,
M3-3a pocTa Yncna obycnoBAEHHOCTU MATPULLbl METOAQ, KOPPEKTHOCTb annpoKCMMaLmn CHuxaeTcs. MokasaHo, YTo Hop-
MMPOBKA UCXOAHbIX AAHHbIX MO3BOMSET NOBbICUTb MAKCMMalbHbIV NOPSAOK NOAMHOMA, NPU KOTOPOM He ByneT notepu
TOYHOCTM M3-3a NNIOXO 06yCNOBNEHHOM MaTpuLbl. [TpeanoxeHa peanvsaums MeETOAA Ha A3bike nporpamMmupoBanus Scilab.
BTropoi MeToZ No3BONSET NONYYUTH aNNPOKCMMALMIO BTOPOro NOpsAKa AN MPOU3BObHOMO KONMYECTBA NePEMEHHbIX,
OLLEHUTb JIMHEMHbIE U KBaAPATUYHbIe BKNaAbl OTAENbHbIX NEPEMEHHbIX U UX NapHbIX B3auMonencTauii. MpencraBneHo
onucaHue MeToAa U NpeasioKeHa cxema MOCTPOEHUS pacClUMPEHHOW MaTpULLbl NIAHMPOBAHUS SKCNepuMeHTa. MeTop,
peann3oBaH Ha A3blke nporpammupoBaHusa C++, a AN onpefeneHns NorpeHoCcT! Noay4YeHHOM annpoKCMMaLumm
npefnaraeTcs CKpUNT, HAaNUCaHHbIM Ha g93bike Scilab. [1ng nonyyeHus 6onee TOUHOM anNpoKCMMaLMK MOXHO NofobpaThb
(YHKLMIO, YUMTbIBAIOLLYHO aCUMMTOTUYECKME 0CODEHHOCTM pe3ybTaToB BbIYUCIWUTENBbHOMO 3KCnepuMeHTa. lNpumep Takown
annpoKCcMMaLum peannsoBaH B NpOrpaMme CMMBOJIbHbIX BbluMCcneHnn wxMaxima. [peactaBneHHble MporpaMMHble
peanu3auuu MeToA0B annpoKCMMaLuMmM AONOAHUTENBHO CO34atk0T koA B popmaTe Gnuplot u Scilab, uto noBbiwaeT
3bdEeKTMBHOCTb ANS NOCNEAYOLWer BU3yanm3aumum unm aHaamnsa annpokcuMaumii. [puseneHsl npuMepsbl BU3yanusauum
nccneposanmns B WIEX-nakete PGFPlots 1 B nporpamme Gnuplot ¢ ucnonb3osaHvem TepmuHana epslatex. O6a noaxona
yA06HbI Npy 0OpPMAEHUMN Pe3yNbTaTOB UCCIEA0BaHNS B HACTONBHON M3aaTenbckoi cucteme ATEX.

KnioueBble cnoBa: cBo6oaHOe NporpaMMHOe obecneyeHne, MeToL HaMMEHbLIMX KBaLpPaTOB, OPTOrOHa/bHbIN LEHTpasb-
HbIV KOMMO3MUMOHHBIN MnaH, Scilab, wxMaxima, Latex, Gnuplot

1. BBepeHue B ITPOTIPMETAPHBIX CUCTEMAX KOMIThIOTEPHO a/re6pbl
Mathematica [8] u Maple [9] siBnsieTcst cBobogHoe 10
Maxima ¢ rpadmueckum untepdeiicom wxMaxima [10].
B pa6ore [11] mpuBenen 0630p cBobogHoro I10 st
YJCIEHHOTO MOJEIVPOBAHMS MHXXEHEePHBIX 33/1a4 Me-

TOIOM KOHEUYHBIX 5JIEMEHTOB.
[Tpu momenupoBaHuM GU3NIECKNX ITPOLIECCOB

B mocimeguue romgbl CBOOOIHOE MPOTrpaMMHOE
ob6ecrieuenue ([I0) akKTMBHO pa3BUBAETCS U MO LIU-
POKOMY CITEKTPY 33124 CIIOCOOHO 3aMeHUTb KOMMeD-
yeckoe. Hanpumep, MHOTMEe UMC/IEHHbIE HAYUYHBIE U
VHXeHepHbIe 3aJlaul, peliaeMble B IIPOIIpUeTapHOM
rnakeTe MPUKIAAHBIX MporpaMMm MATLAB [1], MoXx-

HO peann3oBaTh B cBo6omHoMm I10 Scilab [2, 3], GNU
Octave [4, 5] win Maxima [6,7]. ATbTepHAaTUBO /IS
BBITIOJTHEHUSI CUMBOJIbHBIX Y UMC/IEHHBIX BBIUMCIIEHUIA

1Pa6ora BbITIONHEHA 3a CYET CPEICTB TOCYAAPCTBEHHOTO 3a/laHMs
N2 0246-2018-007.
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(TedeHMe XMUOAKOCTU UJIU rasa, yIIpyrme Uin maacTu-
yeckue nedopMalMu TBEPAOTO Tela) HeOOXOAMMO
YUYUTBIBATh 3aBUCUMOCTDb MaTepUaabHbIX TApaMeTPOB
(TJIOTHOCTB, BI3KOCTb, TEINIOEMKOCTb U T.JI.) OT (haKTo-
POB BHEIIHEN Cpenibl (TeMIepaTypa, AaBJIeHue U T.1.).
OG6BIYHO 3TU 3aBUCHMOCTH IIPeNCTaBIEHbI B BUIe Ta0-
JINYHBIX JaHHBIX (Pe3yAbTaTOB HATYPHOTO 3KCIIepU-
MeHTa). [y pereHust GM3MUeCcKUX ypaBHEeHUI 3aBM-
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CMMOCTU alMIPOKCUMUPYIOT B BUJle aHATUTUUYECKUX
HempepbIBHBIX PYHKIMIT (KyCOUHO-TMHEITHAS, TIOT-
HOMManbpHast). ONHUM M3 MEeTOLOB alllIPOKCUMaLK
SIBJIIETCS MeTOJ, HaMMeHbIIuX KBaaparos [12] (MHK,
least square method, LSM, polynomial regression), xo-
TOPBIIi T03BOJIIET IOCTPOUTH aHATUTUYECKYIO QYHK-
L[MI0 3a[JaHHOTO BU/A C HAMeHblIlelt HeBsI3KOi OTHO-
CUTENBbHO TAOIMYHBIX JAHHBIX.

Ha nmepBom sTame uccienoBaHUsI HPOBOAUTCS
IIaHMpOBaHKe aKcrepuMenTa (design of experiments,
DoE) [13], HaTypHOTO MY BBIYUCIUTEIBHOTO, C OTIpe-
IelleH/eM BXOJHBIX [TapaMeTpoB (lepeMeHHbIe, dhak-
TOPBHI, variables), KoJM4ecTBOM YPOBHEI IS KAXKIOTO
U3 HUX U BbIOMPAETCS Auarna3oH 3HaueHuit pakTopoB.

Ha cemytotem atare cOCTaB/ISIeTCS MaTPUILA SKC-
repuMeHTa (3KCIIEPMMEHTAIbHBIN IUIaH), COmepsKa-
1mas yrnopsizoueHHble Habopsl Gakropos [14]. ITo nan-
HOJi MaTpHlie TPOBOIUTCS Cepusi SKCIIEPUMEHTOB U
cocTaBisieTcsl MpuUGIVDKeHHasT aHaauThaeckas gop-
MyJia IJ1s1 1lesieBoit pyHKuuu (response function). U3
aHaM3a anmpoKCUMAIMU Y UCXOIHBIX TaHHBIX OTIpe-
JeJISII0TCS : 3HAUMMOCTDb (PaKTOPOB U UX B3aMMOCBSI3b;
aZleKBaTHOCTh BBIGPAHHOTO TUIaHA SKCIIEPUMEHTA U
Habopa GaKTOPOB; HAIMUME CKPBITHIX IePEMEHHBIX,
BIMSIIOIIMX HA Pe3y/IbTaT IKCIIePUMEHTA; BIUSIHUE Ha
1IeJIeBYI0 (DYHKIIMIO OTCPOUYEHHBIX 3 PEKTOB 3HAUM-
MbIX (DaKTOPOB; JOCTATOYHOCTb SKCIIEPUMEHTOB JIJISI
0060011IeHMSI pe3yIbTATOB; OIIEHKA CUCTEMATUUYECKUX U
CJTy4aiiHbIX TTOTPEIIHOCTel ; BAMSIHYE BHEUTHUX YCII0-
BMI1 Ha TIOBTOPSIEMOCTD KCIIEPUMEHTA.

Ha 3aBepiaroiiem stamne NpoBOSUTCS MTOATOTOB-
Ka [pe3eHTanuu uiy pykonucu. [Ipu noaroToBku myo-
JIMKAIUU Pe3YIbTATOB IIMPOKO UCIIOIb3YeTCs CBOOOI-
Hasl HaCTO/NbHas u3gartenbckas cucrema WIEX [15-17],
KOTOpasi oA aepsKk1BaeT Kak MOArOTOBKY TeKCTa C UC-
M0JIb30BaHMEM MIPUHSITOTO B U3AATENbCTBE IabI0HA
odopmIeHMSs, TaK ¥ BKIIOUEHMS B HETO MaTeMaTuye-
ckux hopmyn u rpadudeckux 06eKTOB. MHOTHME U3-
JlaTeabCTBa BO BCEM MUPE pacCMaTPUBAIOT U3 ATeNb-
ckyto cucremy KIEX Kak anbTepHaTUBY TEKCTOBOMY
nipotieccopy MS Word [18] (B psime KypHa/IOB ITy6mmKa-
LMY IPUHUMAIOTCS 160 Tonbko B dopmate KWIEX, mu-
60 dopmat BIEX SIB/IIeTCS IPEATIOUTUTENbHBIM). 17151
BU3yanM3aly pe3yabTaTOB UCC/IeT0BaHMS (TIOCTPO-
eHye rpaMKoB, CXeM U Auarpamm) ya06HO MCIO/Ib-
30BaTh cTaHAapTHbIe KIEX-11akeTsl: 4151 IOCTPOeHMS
rpaduxoB — PGFPlots [19]; nnsa cxeMm u guarpamMmm —
TikZ [20], PSTricks [21] wnyu BHelLlIHKe CBOOOJHbIE ITPO-
rpaMMbl, HaripuMmep, Ghuplot [22] (anbTepHaTHBA KOM-
mepueckomy I10 Origin [23]). ITaker listings [24] mo3-
BOJISIET OTOOPaskaTh MCXOOHBIV KO IPOTPaMM U Te-
CTOB, 3alJCaHHBIX C TOMOILbIO SI3bIKOB pa3MeTK!, UC-
Mosnb3ys opMaTupoBaHye U MOACBETKY CMHTaKCHCA.
[TaxeT beamer [25] npenocTaBisieT CBOOOSHYIO allb-

TepHATUBY [IJISI KOMMepUYeCKO MporpaMMbl CO3aHMS
npeseHTanuit MS PowerPoint [18].

B HacrosIieit paboTe paccMaTPUBAKOTCS ABa CIIO-
cob6a 06pabOTKM Pe3yJbTaTOB HAYUYHOI'O MCC/IeIOBa-
HMSI: METOJl HAaMMEeHbIINX KBaZpPaToB C IIpeiBapUTEIb-
HOJ1 HOPMMPOBKOI MCXOMHBIX JAHHBIX 1S TTOBbIIIIE-
HMSI TOYHOCTHM Al POKCUMAIIY ¥ OPTOTOHAIbHOE IeH-
TpaJbHOE KOMITO3UIMOHHOe miaaHupoBanue (OLIKII,
orthogonal central composite design, OCCD), mos-
BOJISIIONI€e OTIpeAeuThb BKIa (DAaKTOPOB B 11e/IEeBYI0
(byHKUMIO ¥ UX B3aMMOCBS3b. [IepBbIii METO/, peann3o-
BaH B I10 Scilab, a BTOpOJ1 HaImMcaH Ha SI3bIKE IIPOTPaM-
MupoBaHus C++ ¢ yaydliieHyeM TOYHOCTY alpoOKCH-
Maluy 10 aCUMITOTUYECKOMY MOBeAEeHNI0 MCKOMOIA
dyukimm ¢ peanmnsauyeit B [10 wxMaxima. icxogHbie
KOJIbI ITPOTpaMM TIpUBEIEHbI C MCIOIb30BaHMEM T1a-
KeTa listings. [IJis1 IOCTPOEHMUSI CXeM MCII0JIb30BaJICS
naket TikZ. [Ipumep mocTpoeHms rpaduKOB C IOMO-
uipto nmaketa PGFPlots mpuBeneH B [IpunokeHun A, a
¢ oMo1pio nakera Gnuplot — B TeKCTe CTaTbU U B
[Tpunoxennu B.

2. Peanusauma MeTtoaa HAUMEHbLUMUX
KBaapaToB B Scilab

PaccMoTpuM €IToco6 OCTPOEHMST alIPOKCHMa-
LMY OKCTIepYIMEHTATbHBIX JaHHBIX ; (1 = (1,m), m —
KOJIMYECTBO ONBITOB) B BUAE TOJMHOMA 1 CTele-
Hu ¢ nomouipio MHK. Anmnpokcumupyomast GpyHk-
uust OymeT HeIMHEHHO#, HO caM MeTOJ, OCTaeT-
Cs IMHENHBIM — KO3Gb(UIMEeHThl anIpoKCUMaLn
b; (j = (0,1)) yMHOXAIOTCS Ha CTENeHN x/, KoTopbIe
paccMaTpuUBaKOTCS KaK He3aBUCUMBbIe lepeMeHHbIE.
CaM oIMHOM MMeeT BUL:

f(x,b) =Y bjxl. (1)
j=0

CyMMa KBaZipaTOB OTKJIOHEHUI

- 2

(S b = 1

i=1

n .
S Yi— 2 b]x{
j=0

1

OymeT MUHUMAJIbHO, eciu dS /dby, = 0 IJis KaXXIoro
k = (0,n), uTO IPUBOOUT K cucTeMe 7 + 1 IMHeNHbIX
anre6panueckux ypasHenuit (CJIAY, system of linear
equations, SLE) ¢ Heu3BeCTHbIMY IIEPEMEHHBIMM b :

m n +k m
YN o™ =Y yixk, k=(0,n),
i=1

i=1j=0

WU B MAaTPUYHOI popme

m m
j+k
Ab=B, A=Y x" Be=Y yxf. (2
i=1 i=1
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YucieHHas! peanu3alus aiITOPUTMa UMeeT Cie-
IVIOII/ie 0OCOOGeHHOCTH: TIPU GOMBIINX 3HAUEHUSIX X;
MaKCUMaJbHBbI 3JIeMeHT B MaTtpuile A (2) paBeH xlz”,
a MMHMMaJIbHbII — m U OTHOIIIeHEe 3TUX 3/IeMEeHTOB
xl-z” /m 6yneT 3HaunTeabHbIM. Harpumep, mis m = 10,
n = 5u x = 100, momy4um sHaueHue 10!° — maTpuna
A 6yHeT II0X0 00YCIOB/IeHa U pe3y/IbTaT allllpOKCH-
Maluy B BUe IOJAMHOMA BbICOKOIO IopsaKa (n > 3)
OyzmeT HeKoppeKTeH. [IJ1s orpaHMYeHNSI MAaKCUMAaJIbHO-
ro 37leMeHTa MaTPULibl A UCIIO/Ib3yeM ITOX0, TIpe-
JIOKEHHBI B [26]: IpOBeeM HOPMMPOBKY AMana3oHa
3KCIEePUMEHTATbHBIX JAHHBIX U UX 3HAUEHUI:

Xi < Xi/Sx, Yi < Yi/Sy,
sy = max(x), s, = max(y).

&)

[ olleHKM KadecTBa MaTpuilbl A ompepe-
JIIeTCSI YMCIO OOYCIOBJIEHHOCTU ch, a TOYHOCTH
amnmpoKCMMallMM  PaCCUUTHIBAETCS TI0 CpeJHe-
My KBaApaTUUHOMY OTKJIOHEHUIO TMOJMHOMA OT
9KCITePUMEeHTAIbHbIX JaHHBIX O

= \/ Y )2 @
1

3amnuineM Ha si3bIKe IporpaMMupoBanus Scilab
dbyHKUMIO oTTpeaeneHnst K03GhOUIIMEeHTOB anmpoKCH-
Mauuun bj (1), cpefHero KBaipaTUUYHOI'O OTKJIOHEHUS
0 ¥ YK cJia 06YCIIOBIEHHOCTH $1 C HOPMUPOBKOI 9KC-
repuMeHTaIbHBIX JaHHBIX (3) (d # 0 — JaHHbIe HOP-
MUpYIOTCsT, d = 0 — He HOPMMPYIOTCS):

function [b, sigma, cn] = lsrp(x,y,m,d)
if d then
sx = max(x); sy = max(y);

else

sx=1.0; sy=1.0;
end
xn = X / sx;

for i=1:m+1
B(i) = v * (xn.A(i-1))’ / sy;
for j=1:m+1
A(i,3) = sum(xn.A(i+j-2));
end;
end;
cn = cond(A);
b = inv(A)*B * sy;
for j=1:m+1
b(3) = b(3) / sx.A(J-1);
end;
ya=0;
for j=0:m
va = ya + b(j+1) * x.Aj;
end
sigma = sqrt((ya - y) * (va - y)'/length(x));
endfunction

[J1s1 BU3yanmsanuy pesyabTaToB HammmineM QyHK-
1IM10, paccyMThIBaOIYO (X, f(x, b)) (1) Ha guanasoHe
9KCIIePUMEHTAIbHBIX JAHHBIX (X1, Xy, ), HO IJIs1 3aaH-
HOTO YJC/Ia TOYeK p (IIpU yBenuueHun p rpadux 6yner
6osee IIaaKNM):

function [xf,yf] = lsrpFine(x,b,n,p)
xf = linspace(min(x),max(x), p);
Xf = zeros(p,n+l);
for i = 1:n+1
XE(:,1) = x£(C:).A(E-1);
end
vy = (X£*b)’;
endfunction

[IpoBemeM ammpoOKCHMMAIIMIO TeMIIepaTypHOI
3aBUCMMOCTM M300apHOI TEIJIOEMKOCTM BOIBI
cp(T) [27]. B Scilab rpaduku cTpoATCs KOMaHAO¥ plot
C TTapaMy BeKTOPOB, COePsKaIIMX KOOPAVHATHI TOUEK
X W Y, Toe OIIYIOHAJIbHO MOYKHO 33/1aTh hopMarT CTUS
JIMHUI. @OpMaTHBIIN BbIBOM, B KOHCOJIb 3HAaYEeHUM
repeMeHHbIX 0OpMIISeTCss KOMaHIOo# printf. 3ammch
3HAUeHMiT mepeMeHHbIX B (aila ocylecTBiseTcs
KOMaH[I0t write. B Kozie TporpaMMbl J06aBUM BBIBOJ,
B KOHCOJIb (pOPMYJT TTOIMHOMOB C PacCUMTAHHBIMMU
Koapuumentam B popmare Ghuplot — 3TO TIO3BOIUT
COKOHOMUThL BpeMs IpU IOArOTOBKe rpaduka B
Gnuplot, — a Taxke BbiBefeM B (aiiibl C MMeHaMM
fn (n — HoOpsANOK MOIMHOMA, path — cTpoka, co-
IepsKamiast myTh K paboueMy KaTalory) pe3yIbTaThbl
anmpoKCUManuy B Buze cTonbuos (x, f(x,b)).

x=[0,10,20,30,40,50,60,70,80,90,100];
y=[4.2176,4.1921,4.1818,4.1784,4.1785,4.1806,
4.1843,4.1895,4.1963,4.2050,4.21597]*1e3;

k=5; p=101; path = ;

for n=1:k
ya = zeros(p); b = zeros(n);
[b,sigman,cn] = lsrp(x,y,n,1);
[xa,ya] = lsrpFine(x,b,n,p)
plot(x,y, ,Xa,ya);
printf(
, n, sigman, cn);
printf( ,b);
print£(
for i=1:n
print£(
end
printf( s
write("f"+string(n), [xa’ va’']);
end
write(

,n,b(1));

» b(i+1),1);

s X7y

3amyckaem  Scilab, TmiomemniaeM Bce Tpu
¢parmenta koma B SciNote (B MeHIO BbIOMpaeMm
Applications— SciNotes), coxpaHseM (KOMOMHALIMs
kinaBuil Ctrl+s), samyckaem (kiaBuiia F5). Pesybpra-
ThI BBITIOTHEHUST KOJA OYAyT BbIBeIEeHbI B KOHCOJIb
IIporpaMMsl. V3MeHs1 napaMeTp p IpOBefieM pacueT
C HOPMMPOBKOJ SKCIIEPMMEHTATbHbBIX JaHHbIX 1 6e3
Hee. B mepBoM c/Tyyae MaKCMMAaIbHOE YMCIO 06YCIOB-
JIEHHOCTY cn 6yaeT Ha 12 HOpSAKOB MEeHbIIIe, UeM BO
BTOPOM, T.€. B IPMBEIEHHOM ITpMMepe HOPMUPOBKA
II03BOJISIeT COXPAaHUTD B pe3y/ibTaTaxX pacyeToB Ha 12
3Havamux 1uudp 6onpiie. OTMETUM, UTO Ha c1 BIUSET
TObKO HOPMMPOBKA Ayara30Ha JaHHbIX (X1, Xy ).
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HWcronb3yeM co3aHHbBIN mporpammoii daiin ¢
3KCIIEPMMEHTAIbHbIMMY JAaHHBIMMU f0 U BbIpa>keHUSI
TIOIMTHOMOB, BbIBE€JIeHHBIX B KOHCOJIb TPOrPaMMBl, 1JIsI
co3maHus 6oyiee KauecTBeHHOro rpaduka B Gnuplot.
[Tpu mocTpoeruu rpadmka u3 daiiyia JTaHHBIX B KOMaH-
Ie plot ykasbpiBatoTcst MMt daitia u uepes JBoeToUME
HOMepa CTOJMIGIIOB IjIsT OCM abCIINCC ¥ OpPAVHAT B BU-
me 1 : 2 (B 3D mobaBisieTcs anIuiMKaTa, Harmpumep,
1:2: 3). Ectu ma"HHbIe HYKHO ITpeo6pa3oBaTh, HAIPU-
Mep, MPOBECTM MacIlTabupoBaHe ¢ Ko3hPuimeHTOM
S ¥ CMellleHe Ha BeIMUMHY d, To popmyia 3ammchiBa-
eTCs B KPYIVIbIX CKOOKaxX ¢ IIpedMKCOM HOMepa CTOJO-
11a B Bue cuMBosia $, Harpumep 1 : 2 3aMeHsIeTCs Ha
($1*s+d) : 2. B mpumepe equHuUIbI U3 [[K IepeBene-
HBI B K[I3K C COOTBETCTBYIOIIMM MacIITabMpOBaHNEM
TabJMYHBIX TAHHBIX U alIPOKCMMAIMii Ha BEINYN-
HY sy = 1073, dopmysny A1 nonMHOMA 06aBIsIeM
KOMaHoi1 set label.

set terminal epslatex size 10cm,6cm\
color colortext
set decimalsign
set border lw 2

set style line 1 lc rgb ps 1.5 pt 6

set style line 2 lc rgb lt 1 dt 3 lw 5
set style line 3 lc rgb lt 1 dt 2 w5
set style line 4 lc rgb lt 1 dt 1 lw5
set style line 5 lc rgb lt 1dtl1lwb5
set style line 6 lc rgb lt1dc11lw5

set key at 50,4.218 spacing 0.9 box dt 3
set output
f1(x)=4.1875e+3+0.10418%*x
£2(x)=4.2090e+3-1.3275%x+1.4317e-2%x**2
£3(x)=4.2145e+3-2.1985%x+3.7158e-2%x**2-\
1.5227e-4%x**3
f4(x)=4.2169e+3-3.0486%x+7.9662e-2%x**2-\
8.3234e-4%x**3+3 4003e-6%*x**4
£5(x)=4.2175e+3-3.4918%x+1.1618e-1*x**2-\
1.8610e-3*x**3+1.5179e-5%x*%4-4_7115e-8*x**5
set xlabel
set ylabel

set label 1 at 53,4.212 \

sy=1l.e-3
plot u 1:($2%sy) title wp ls 1,\
f1(x)*sy title wl ls 2,\
f2(x)*sy title wl ls 3,\
f3(x)*sy title w Ll ls 4,\
f4(x)*sy title wl ls 5,\
f5(x)*sy title wlls 6

I'padmk mokasan Ha puc. 1. BupHo, yTo Kaue-
CTBEHHAas amnmpoKCUMalus JOCTUTAeTCs Tipu n = 4
U n =5 C HOpPMUPOBAHUEM UCXOIHBIX TAHHBIX.

3. OpToroHanbHoOe UEHTpaJibHOE KOM-
NoO3ULUOHHOE NnaHuposaHue B C++
[Ipu npoBefeHMUM HATYPHBIX WU BbIYUCIUTENb-

HBIX 3KCIIEPMMEHTOB IIPM BapbMPOBAHUNM HECKOJIbKUX
HapaMeTpOBHeOGXOﬂMNIMHCTPYMEHT,HO3BOHﬂKﬂHMﬁ
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Puc. 1. Pesynbtathl annpokcumaumm MHK B Scilab
Cc Busyanusaumen B Gnuplot. CumBonbl —

3KCnepuMeHTanbHble AaHHble [27], AnHuM —
annpokcumaums (1)

OIpenennThb BKIaJ, KaKI0T0 13 MapaMeTpOB B MU3Me-
psiemyto BennuuHy. OOHUM U3 TaKUX UHCTPYMEHTOB
SIBJISIETCS TTOJTHBIN (PakTOpHBIN sKcriepuMeHT (TIP3,
factorial design) [14, 28], anmmpokcuMuUpPYIOIINit U3Me-
psSieMyI0 BeIMUMHY (11eJ1eBYI0 (YHKIINIO) C ITOMOIIbIO
MOJIMHOMA MEePBOI CTeNeHN, YUUTHIBAIOILETO JIMHEN -
HbII BKJIaJ TapamMeTpoB (pakTopoB) U UX B3auMOgeii-
CTBUII IpyT ¢ Apyrom. BennunHa ¢pakTopoB 6epeTcs
Ha JOBYX YPOBHSIX (HVDKHUI U BepXHUIL), a 1ieeBas
(byHKIMS Y OTIpeesnsieTcs AJi BCeX BO3MOXKHBIX KOM-
O6MHALIMII 3HaUYeHuit GakTopoB. [ n GpakTopoB X;,
roe i = (1,n), HEOGXOIZMMO MPOBECTU 1 § = 2" onbI-
TOB. [I;1s1 yueTa KBaJpaTUUYHbBIX BKIaI0B (HakKTOpPOB
[1®D mpoBOAUTCS HA TPEX YPOBHSX, UYTO TpebyeT Mpo-
BemeHus 3" onbiToB. MeTop OLIKII [29, 30] mo3Bomnsi-
eT y4ecTh KBaJpaTuyHble (PaKTOpbl MEHBIINUM, YEM
B [1®3, konmuecTBOM ONBITOB. [IprBememM cxemy ma-
paMeTpuUyecKoro aHanusa gaHHbix Metogom OLIKII ¢
YUeTOM TOJIbKO IapHbIX B3auMOZencTBuil. [ ecre-
CTBEHHOTO 3HaUeHus i-ro pakTopa X; 0603HAUMM 3Ha-
yeHMe Ha HIDKHEM U BepPXHEM YPOBHAX yepes X; _;
n X; 1, OIpefeJuM LieHTpalbHOe 3HaYeHue X; . U
MHTEpBamI X; o:

X; _ X;
X, = =i 1+ Xi+1

Xiv1— X1
s 2 °

4 Xl,[ = 2

©)
KommpoBaHHbIM 3HaUeHMEM i-T0 haKkTOpa X, SBISIET-
cs1 TuHeliHoe ad@uHHOe mpeoGpa3oBaHMe MHTEPBaIa
[Xi _1, X; +1] B uHTepBan [—1, +1] no dopmyrne

v Xi — Xic
l Xie

4

(6)

EcTecTBeHHOe 3HaueHus aKTOpa MOKHO BOCCTAHO-
BUTD I10 KOAMPOBAHHOMY MCITOb3Yyst HOpMYITY

X=X oxi + X )



62

MHorodasHble cucTeMbl

OOb111ee KOIMYeCTBO OIIBITOB 711; COCTOUT U3 1 £ OIbI-
TOB [1®D3, 1, ONBITOB B «3BE3JHBIX» TOUKAX ¥ OIHOTO
OITbITA B LIEHTPAIbHOI TOYKE:

®

BBomuTcst GUKTUBHBIN akTop X9 = 1 U LeneBast
(YHKIIMS alllIPpOKCUMMUPYETCS TTOIMHOMOM BUIa:

nt:nf+n*—|—1,nf:2",n*:2n.

n
fr(xq, ..o, x0) =bo + Zbixﬁ-
i=1

n-1 n n
+ Y ) byxixp+ Y bi(x} —B),
i=1

i=1 j=i+1

)

rae k = (1,m), m — KOIMYeCTBO LieeBbIX QyHKINIL;

napamerp § = ,/n ¥ /ny; IBOIHASI CYMMa COOEPIKUT 1,
cjaraeMbIx: ( )
nn—1
Nne = — (10)

IIJIst KOMVPOBAHHbBIX 3HAUEeHMIT (PAaKTOPOB CTPO-
UTCS paclIMpeHHasi MaTpuila BbIYUCIUTEIbHOTO
JKCIIepyMMeHTa cojepsKalasi cjlenyiolue CTPOKU
(cMm. puc. 2):

 Marpuua I[103 A; (pa3mep MaTpuLBl 71y X 1), CO-
Jep>Kaiiast Bce BO3MOXKHbIE KOMOMHAIIMY HUKHE-
r'O U BEpXHero ypoBHen x; = £1.

* «3Be3gHbIe» TOUKU Aj (114 X 1), B KOTOPbIX X; = 0
IS BceX i Kpome i = k, 1St KOTOPOit x; = +a, Tae
0. — PacCTosIHYe 10 LIeHTPAIbHOM TOYKY IIJIaHa

a = 1/%(\/@*7&')

Onss n > 2 BeIMuuHA 0 > 1, UTO HAK/IaJAbIBaeT
OoTpaHMUeHNs IIpu BbIGOPE AMara30Ha eCTeCTBeH-
HBIX 3HaUeHM GakTopoB. [IManasoH He JO/KeH

MPOTMUBOPEUNUTH PU3MUECKOMY CMBICTY (haKTopa.
Hampumep, HIOKHUI YPOBEHbB 1151 TPOAEHOTO
IyTY HE MOXET ObITh OTPUIIATETbHBIM, & BEpPX-
HUI1 YPOBEHb JJIs1 TeMIIepaTypbl BOZAbI He NOKEH
npesbimaTh 100°C.

e llenTpanbHas Touka Az (1 X n), B KOTOpPOJ BCce
3HaueHus x; = 0.

[Mocste aTOro AO6GABISIOTCS CTOIOIBI (CM. PUC. 2):

+ (JieBa JobOaBisieTCs cTonbelr Ay (pasmMep MaTpu-
bl 113 X 1) ¢ GUKTUBHBIM ITApaMeTpoMm xg = 1;

 crpaBa A4 — KOOMPOBaHHbIE 3HAUEHUS [J1s1 TIap-
HbIX B3aMMOJIEMCTBII X;x; (1t X 1c);

e cIrpaBa As — KBaJpaTU4HbIe (yiaraemMble (1; X n);

e IJISI yooOGCTBa MOOABISIETCSI 1 CTOJIOLIOB Ag C
€CTeCTBEeHHBIMM 3HaYeHUAMM HAKTOPOB X; U 1y,
CTONOIIOB Ay )i 3HAUEHUIA 1IeJIeBbIX QYHKIINIA;

e CTONMOIBI Ag C BEJIWUMHON IIOTPEITHOCTHU
aAIlllIPpOKCMMalun:
X1,...,X
e— 1 £ n) | 100%. (11)

Yk(xl,.. .,xn)

Kosdduimentsl monmuHoma (9) ompenessioT-
Cs OIS KaKOOil LieieBOil (PyHKLIMM Y OTHEIbHO
o opmyie:

2n+ne ng

b = Z(:) Yy ixji/ Z(:)xj,ir (12)
i= i=

I7le j M i — VHIEKCHI CTO/I0IIA ¥ CTPOKM pacli¥peHHOI]
MaTpULbl IKCIIEPUMEHTA.

019 = 002 Ay As
Lip=0L, | J-1]-1 1-p | 1-P
Ay 219 = 10 1 +1 1-p | 1-8
310:112 _|_1 _1 1—ﬁ 1—ﬁ
Anroputm +1 | +1 12— p|1-PB
1<1=10, ac—B | —B
A Ay As Ag Az Ag 01, & 10, = 00, P p—
A, 00, >1=0 Ay —B |2-8
021: -1= -1 || —a| O —B |Z-8
11,&10, =10, || to | O —B —B
10, >1=1 0 —a —B —B
L (45 ) 171: —1= +1 0 | +a B B
( B ) @ ©) ®) @

Puc. 2. CrpykTypa pacwupeHHoi Matpuubl OLIKI (a) u cTpykTypa mMatpuu, Aq (0); Az (8); As (). KpacHble umdpbl —
onpenensemblii 6UT 4ng onbIToB Nog Homepamu 1 1 3 ; 3eneHble Yncna — KOAUPOBAHHOE 3HavYeHne dakTopa xq
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Tabnuua 1. PacwmpeHHas MaTpuua BbIYUCIUTENBHOO IKCNEPUMEHTa, KO3DPULMEHTbI U OTHOCUTENbHbIE MOrpeLHOCTH

nonuHoma (9)

X0 X1 X2 X1X2 x% — [3 X% — [3 X] Xz Y €, %
1 -1 -1 1 0.3333 | 03333 | 1 |0.5|1245| 1.24
1 1 -1 -1 0.3333 | 0.3333 | 5 [0.5]|7.438|0.631
1 -1 1 -1 0.3333 | 0.3333 | 1 {2.5]9.217]0.178
1 1 1 1 0.3333 | 0.3333 | 5 |2.5|2.755| 4.54
1 —1 0 0 0.3333 | —0.6667| 1 |1.5]9.545| 1.45
1 1 0 0 0.3333 | —0.6667| 5 |1.5|3.481| 2.24
1 0 —1 0 —0.6667 | 0.3333 | 3 |0.5]8.219]| 2.46
1 0 1 0 —0.6667 | 0.3333 | 3 |2.5(3.744| 3.77
1 0 0 0 —0.6667 | —0.6667 | 3 |1.5]4.394| 1.39
bo by by bip b1 bap

6.804 | —2.924| —2.066 | —0.364 | 2.028 1.496

[TpuBenemM nmpumMep 06pabOTKM Pe3yaIbTaTOB BbI-
YUCIUTEIBHOTO 3KCIIePUMEHTA 10 JaHHbBIM, I10JTyYeH-
HBIM TIPU MOJEJIUPOBAHUM CUCTEMBI KUTKOCTHOTO
OoXJaXXAeHUsI MUKpo3axBarTa [31] ot n = 2 (CKOPOCTh
oxnaxparoleii xxugkoctu X; = [1,5], koadhdum-
eHT Tervionepenaun X, = [0.5,1.5]) ¢ omHOI 1ene-
BoJi DyHKIIMEN Y (TeMIlepaTypa HarpeBa paanaTopa).
[TopsiAoK NOCTpOeHUsT paCIIMPEHHO MaTPUIIbl BbI-
YNUCJIUTENBbHOTO SKCIIePUMEHTA CIeqyIOIIIi:

e 337laeM JIMara3oHbl €CTeCTBEHHBIX 3HAUYEHMUIH
(akTopos X;;

* BBIUMC/ISIEM KOIMPOBAHHbIE 3HAUEHUS (aKTOPOB
x; (MmaTpuusl Ay, ..., As);

* 10 KOOMPOBAHHBIM 3HAUEHUSIM (DAKTOPOB X; BbI-
YUCIsSIeEM MaTpPUILy Ag €CTECTBEHHbBIX 3HAUEHUI
daxropos X; o dopmyie (7);

e JJIS1 3HAUEHUI U3 MaTPULBI Ag IIPOBOIUM CEPUIO
BBIUMC/IUTEIbHBIX SKCIIEPMMEHTOB U 3aII0/IHSIEM
MaTpuiy Az,

e BbIUMC/ISIEM KO3G@UIMeHTh moauHoMa (9) mo
opmysne (12) u ompenensieM OTHOCUTEIbHbBIE
norpentHocTt (11).

Iy paccMaTpUBaeMoOro Habopa JaHHBIX pacIIi-
peHHast MaTpuila, Ko3Gh@ULMEeHThI allllPOKCUMAILUN
¥ OTHOCUTETbHbIE TTIOTPEITHOCTY 11eIeBOV QYHKIMK
TpMBeleHbl B TabM. 1.

B mporpamme cHavasia onuilieM nmepeMeHHbIe (8)
u (10), ompenenum KOMMYECTBO LieIeBbIX QYHKUMIA 1,
UX 3HAUeHUS a Jis #; OTNbITOB U AMANa30H JaHHBIX
eCTeCTBeHHbIX ITepeMeHHbIX X :

#include <iostream>
#include <iomanip>
#include <cmath>
using namespace std;
int main() {
int n = 2, nstar = 2*n, nf = pow(2,n), ny = 1;
int nc = (n-1)*n/2, nt = nf+nstar+l;
double alpha = sqrt(@.5*(sqrt((double)nf*nt)-
nf)), beta = sqrt((double)nf/nt);
double a[nt+l+ny][nf+nc+n+ny+11={03};
double x[2][n] = {{1,0.53},{5,2.53}};
double y[ny][nt] = {{12.448999, 7.438013,
9.217004, 2.749994, 9.545007, 3.481012,
8.218988, 3.744012, 4.3940063%}7};
int i1, i2, i3, i4, i5;

37ech 37eMeHTbl paclIMPeHHOM MaTPUIIbI 4 3a0al0TCS
paBHBIMM HYJTIO, TIO3TOMY HYJIeBble 37IeMeHTbI «3Be3/I-
HBIX» TOUEK A, U lIeHTpajbHas TOUKa A3 OIpeaeneHbl
I10 YMOIYaHMIO (puc. 2). Onpemenum MaTpuiry Ag GUk-
TUBHOTO (akTopa xg (puc. 2(a)):

‘for (il = @; il < nt; il++) a[il][@] = 1.0; ‘

[Tpu noctpoeHun matpuiipl [1OI npencraBum Ho-
Mep OTbITa (HyMepanuio 6yIeT BeCTH C HyJIEBOTO HO-
Mepa) B IBOMYHOM MpenCcTaBIeHUM C KOTUIEeCTBOM
paspsimoB paBHbIM 1 (puc. 2(6)). s n # OIIBITOB T10-
Jy4uM Tabauily, B KOTOPOI HOMep CTOI011a COOTBET-
CTBYET HOMEDY OTIbITa, & CTONO I (Pa3psiz YMcia) faeT
3HaUYeHMe KOAMPOBAHHOTO ¢dakTopa B Buie «0» s
HIVDKHETO YPOBHS U «1» — 11 BepxHero. Tekymiast
no3uuus paspsapa i (Homep MO3ULUK OIpefesieTCst
CIIpaBa HaJeBo C KpaliHUM IIpaBbIM HOMEPOM PaBHBIM
0) HaXOAUTCSI JIEBBIM JIOTMYECKUM OUTOBBIM CIBUTOM
enyHUIIbI (1 < i); MOOUTOBAS OTMEPALUS «JIOTUUECKOe
W» (&) gisi i v HOMepa OmbITa MO3BOJISIET ONIPee/UThb
3HaveHye 61Ta B i-M paspsije; IpaBblii TOTUIECKUIA
OGUTOBBIN caBUT (>>>) orepaiu «M» Ha i paspsIoB Ie-
peMeIaet GUT C i-ii MO3UIUK Ha 1-10 (Pe3yaIbTaTOM
6ymet «0» man «1»); ¢ MOMOIIbIO TepHAPHOI omepa-
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uun («?») 3amensiem «0» Ha «—1». [Jocie mpumeHe-
HMSI JAHHOTO IrOPMUTMA JJISL 71¢ OIBITOB IIOTYYUM
matpuiy [1P3 Aq:

for (il = 0; il < nf; 1il++)
for (i2 = 0; 12 < n; 1i2++)
afil][i2+1] = (i1 & (1 << i2)) >> i2 ? 1:-1;

Ormerum, uTo mis II®D ¢ Tpemst YPOBHSIMMU
{—1,0,+1} npenokeHHbII1 AITOPUTM TaKKe IIPUMe-
HMM, TOJIbKO VMCIIOJIb30BaTh HY;KHO He JIBOMYHYIO 3a-
IIMCh YMCIIA, 8 TPOMYHYIO ¥ BMECTO TepHAPHOI1 orepa-
LM HY>KHO U3 pe3y/IbTaTa BbIuecTh 1.

3a7aeM KOAMPOBaHHbIE 3HAUEHMS «3BE3IHBIX»
TOuek A; (puc. 2(B)):

for (il = 0; il < n; il++)

for (i2 = 0; i2 < n; i2++) {
a[2*il4nf][i2+1] = il == i2 ? -alpha :
a[2*¥ilf+1][i2+1] = il == i2 ? alpha :

0.0;
0.09;
)

OrnpegnesnsgeM MaTpUIly HapHbIX B3aMMOAENCTBUI Ay:

for (i1 = 0; il < nf; il++) {
i4=n;
for (i2 = 1; i2 < n; i2++)
for (i3 = i2+1; i3 <= n; 1i3++)
a[il][++i4] = a[i1][i2]*a[i1][i3];

M MaTpPUILy KBaaApaTUUHbIX (HakTOpoB As (puc. 2(r)):

for (il = 0; il < nt; il++)
for (i2 = 1; i2 <= n; 1i2++)
a[il][n+nc+i2] = pow(a[il][i2],2) - beta;

Matpuiia Ae cTpoutcst o dpopmyie (7):

for (il = 0; il < nt; il++)

for (i2 = 0; 12 < n; 1i2++)
afil][2*n+nc+i2+1] = 0.5 * (a[il][i2+1] *
( x[1][1i2]-x[e][12] ) + x[@][i2]+x[1][i2] D;

Marpuiia Ay COILEPKUT Pe3YIbTaThl IKCIIEPYMEHTOB:

for (il = 0; il < nt; il++)
for (i2 = 0; i2 < ny; i2++)
afil1][3*n+nc+1+i2] = y[i2][i1];

OnpepensieMm 3HaMeHaTele

dopmynsl (12):

for (il = 0; il <= 2*n+nc; il++)

for (i2 = 0; 12 < nt; 1i2++)
a[nt][il] += pow(a[i2][i1],2);

CYMMY B

1 HaxoauM KoadduimenTs! nomuoMa (12) (3Haue-
HUsL b; TIpUBE/eHbI B Tabs. 1):

for (il = 0; il < ny; 1il++)
for (i2 = 0; 12 <= 2*n+nc; 1i2++)
for (i3 = 0; 13 < nt; 13++)
a[nt+1+i17][i2] +=
y[i1][i3]*a[i3][i2]/a[nt][i2];

OTHOCHUTENbHAS MOTPEIIHOCTh AMIpoOKCUManun Ag
cornmacHo (11):

for (il = 0; il < nt; 1il++4)

for (i3 = 1; i3 <= ny; 1i3++) {
for (i2 = 0; i2 <= 2*n+4nc; i2++)
al[il][3*n+nctny+i3]+=a[nt+i3][i2]*a[il1][i2];
a[il][3*n+nc+ny+i3]=100.0%abs(1.0-
al[i1][3*n+nc+ny+i3]/a[i1][3*n+nc+i3]);

3

BbIBOIMM B KOHCOJIb pacIiMpeHHYI0 MaTPULLY TIaHU -
poBaHMs SKcIIepuMeHTa (Tabm. 1):

cout.precision(4);

for (il = 0; il < nt+l+ny; il++) {

for (i2 = 0; i2 <= 3*n + nc+ny; i2++)
cout << setw(7) << a[il][i2] << ;
cout << endl;

3

BrIBOIVM B KOHCOJIb 3amMCh IonHOMa (9) B popMmare
dyukumm Gnuplot nns p = 0 wu Scilab s p = 1:

int p=0; // 0-Gnuplot, 1-Scilab
cout.precision(8);
cout << << beta <<endl << <<endl ;
for (il = 0; il < ny; il++) {
i2=nt+1+i1;
cout << (p? L <<ilk< ;
for (i3 = 2; i3 <= n; i3++) cout << <<i3;
cout << <<(p? J)<<a[i2][e];
for (i3 = 1; i3 <= n; 13++)
cout<<showpos<<a[i2][i3]<< <<noshowpos<<i3;
i5 = n;
for (i3 = 1; i3 < n; 1i3++)
for (i4 = i3+1; i4 <= n; i4++)
cout << showpos << a[i2][++i5]<< <<
noshowpos<<i3<<(p? k< <<i4;
for (i3 = 1; i3 <= n; 1i3++)
cout << showpos << a[i2][++i5] <<
<< noshowpos<<i3<< ;
cout << (p? ) << endl;
3
return 0;
3

Gnuplot cKpUIIT AJIs1 IOCTPOEHMS [TOTyYeHHO alllIPOK-
cumauuu (puc. 3):

set terminal epslatex size 10cm,12cm\
color colortext

set decimalsign

set border lw 2

set grid lw 0.1 dt 1 lc rgb

set key off

T0=293.15

b=0.66666667

s=1.0

fO(x1,x2)=(6.804115-2.9236652*%x1-2.0658317%x2-\
0.364006*x1*x2+2.0276695%(x1**2-b)+\
1.49616*(x2**2-b))*s

set output

set multiplot layout 2,1 rowsfirst

set xlabel offset 0,0.5

set ylabel offset 1,0

plot using 1:($7-T@) w p pt 7 ps 2,\

fO((x-3)/2,0) w Ll lw 4 dt 1
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offset 0,0.5

set ylabel offset 1,0

plot using 1:($7-T@) w p pt 7 ps 2,\
f0(0,(x-1.5)/1) w1l lw 4 dt 1

unset multiplot

set xlabel

31ech CTOUT 06PaTUTh BHUMAaHMe Ha TO, YTO IIPU BbI-
30Be QyHKUMM f0 ecTecTBeHHble 3HaUeHUs (PaKTOPOB
KOJIMPYIOTCS COTTIaCHO (6).

TOYHOCTh ammMpoOKCUMAaLUM OMpenensieTcss Mo
dbopmyme (11). [IpuBegem mpumep BbIUYUCIEHMS I10-
rpeurHocTeii ¢ momoribio Scilab ckpurira:

function f=£f0(x1,x2)
£=6.804115-2.9236652%x1-2.0658317%x2-. .
0.364006%x1.*%¥x2+2.0276695%(x11"2-b)+. .
1.49616%(x272-b)

endfunction

x1 =1[1,5,1,5,1,5,3,3,3]

x2 [6.5,0.5,2.5,2.5,1.

yl = [12.45,7.438,9.217
8.219,3.744,4.394];

x1c=0.5*%(x1(1)+x1(2));x11=0.5*%(x1(2)-x1(1));

x2¢=0.5%(x2(1)+x2(3));x21=0.5*%(x2(3)-x2(1));

b =2.0/3.0;

eps = [1;

epsmax = [];

epsav = [];

eps = abs(1.0-f0((x1-x1c)/x1l,(x2-x2c)/x21)..
./ y1)¥100.0;

epsmax = max(eps);

epsav = sum(eps)/9.0;

printf(

printf(

5,1.5,0.5,2.5,1.57;
2.75,9.545,3.481, ..

s

, eps);

, epsmax, epsav);

B ckpunTe oTMeTUM cienymoliee: «..» 03HauaeT Mpo-
IO/DKeHMe BbIpaskeHMs Ha CIefyIolieil CTpoKe; oIle-
pamus «.*» — MO3JIeEMEHTHOE YMHOXEHME BEKTOPOB;
«\» — BO3BeJIeHI€e B CTelleHb; IEHTP MHTEPBaja ecTe-
CTBEHHOT'0 3HaUeHMs (pakTopa 1 ero 1jieyo ornpeess-
eTcs 1o popmyie (5), a B alpoKCHMMAaINY UCIIONb3Y-
I0TCSI KOOMPOBAaHHbIE 3HaUeHMS (6); IepeMeHHbIE eps,
epsmax vi epsav cofep>kaT BEKTOP OTHOCUTEIbHBIX T0-
TpeNrHOCTeN, MaKCMMAaIbHYIO U CPEeTHIOIO MOTPEIIHO-
CTU, COOTBETCTBEHHO. MaTpuila OTHOCUTEIbHBIX I10-
rpelllHOCTeil Ag IpuBemeHa B Tao. 1.

[IpoBemem aHanM3 MOMYyUYEHHBIX JAHHbBIX. 3HaAUe-
HM€ [eJIEBOI QYHKIINUM Yy, B IIEHTPAIbHO TOUKU BbI-
yucisiercs mo opmyse

Ym = b() - B(bl,l + bz/z) =~ 4.455.

BemyiummMu IMHEHbIMM M KBaAPATUYHBIMU (HaKTOPa-
MM SIBJSIIOTCSI X1 U X, T.K. |by| >, |b2] > %, |b11] > %,
|baa| >, ToE ¥, — KpuTepuii 3HauMMoCTy axTopa.
IIJist oTipeiesIeHHOCTH BbIbepeM

x = 0.05x (|by| + |ba| + |b12

+ [b11

4—|b22

) & 0.4,

T. €. OTHeJIbHOe (JlaraeMoe 3HaYMMO, eCJIM ero BKIaZ,
npessbilaeT 5%. [TapHoe B3auMoieliCTBME He OKa3bl-
BaeT 3HAUMUTEIbHOTO BAVSIHUSA |by o < .

20 T T T T T T T T

18 ¢ -
16 R .
14
12
10

Yy

N =~ O

0.5 1 1.5 2 2.5

Puc. 3. 3aBMcuMOCTb LeneBoi GyHKLMK OT pakTopos Xq
(xo = 0, cBepxy) u Xp (x1 = 0, cHu3y). Cumeo-
Nibl — OaHHble BbIYMCIUTENIBHOTO 3KCMEPUMEH-
Ta [26,31], cnAOWHbIE MMHUM — aNNPOKCUMaLUS
OUKI (9); NyHKTUPHbIE NMHUM — aCMMNTOTUYE-
ckas uHTepnonaums (13)

[Ipu 06paboTKe JaHHBIX HATYPHBIX SKCIIEPUMEH-
TOB 3HAUMMOCTD (PaKTOpa omnpenessieTcs: C IOMOIIbIO
pacnpenenenus CTbIOAeHTa, a aAeKBATHOCTD alIpOK-
cumanyu OLIKIT onipepensiercs mo Kpureputo Ouiie-
pa (TmogpobHOe U3JIOKEHVE KPUTEPUEB MPUBEIEHO
B pabore [32]).

[Tpm yBenuueHuM 3HaUEHUN x| U Xp 3HAUEHME
1esieBoi MyHKIIMU IMHENHO ymMmeHbinaetcs (b < 0,
b, < 0),apngx; > —0.5uxp; > —0.53T0 yMeHbllleHK e
KOMITEHCUPYETCSI KBaApaTUUYHBIMU CllaraeMbIMU (KO-
3¢ PUIIMEeHTHI TP IMHENHBIX Y KBaJJpaTUYUHbIX CJIara-
€MbIX MMEIOT ITPOTUBOIIOJIOKHBIE 3HAKMN).

Anmpokcumanyst B Toukax OLIKIT (ta6s. 1) umeer
He6OJBIIYI0 OTHOCUTEIbHYIO ITOTPEIIHOCTh OTHOCHU-
TeJIbHO 5KCHePUMEHTAIbHbBIX TAaHHBIX BHYTPU 3a4aH-
HOTO AManasoHa JaHHbIX. M3 puc. 3 BULSHO, YTO BA0Jb
LIEHTPAIbHbBIX JIMHUI, TIPOXOASIINX Yepe3 TPU TOUKU
(uenTpanbHasa X1 = 3 u X, = 1.5 1 ABe «3Be3HbIE»
X1 = {1,5} u X, = {0.5,2.5}), morpemHocTs B 9TUX
TOYKaxX MUHUMaJIbHA (Ha PUC. 4 LleHTpa/IbHbIe IMHUUN
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(—1,+1) (0, +a) (+1,+1)
X1 = 0
(—a,0) =0 1000 (4+a,0)
(-1,-1) (0,—a) (+1,-1)

Puc. 4. MonoxeHne dakTopoB MO paclIMPEHHON MATpU-
ue OLKM ana n = 2 v UeHTpanbHbie NUHUMU
X1 = Owu Xy = 0

B KOIMPOBAHHBIX 3HAUEHMSIX 0003HAUEHbI X1 = 0 U
xo = 0). B mpoMexyTOUHOI 06/1aCTU ITOI'PENTHOCTD
BO3pacTaeT. 3a peIKUM CiyyaeM (KOrga MaTeMaTu-
yeckasi MOJe/ib UCC/IEAYEMOTO OObEKTA TOTHOCThIO
COBIIAJaeT C MUCIIOMb3yeMbIM MTOJMHOMOM) alIPOKCH-
Malys He JOIyCKaeT 3KCTParosLMIO 3a IIpefesibl 3a-
JAHHOTO Auana3oHa — YyeM Jajblile HAaXOOUTCS TOUKa
BHe JMara3oHa JaHHbIX, TEM BbIIIE ITOIPENTHOCTD U
anmnpoKcMMal s CTaHOBUTCS HealeKBaTHO 3KCIlepu-
MeHTaJbHBIM WM PacyeTHbIM JaHHBIM. Hampumep,
st X, = [0.5,1] morpemmHoCcTb cocTasisieT 41%. ln-
pUHa [Mana3oHa JaHHBIX TAKKe MMeeT 3HaueHue: IS
Xy = [4.5,5] u X, = [2,2.5] xapakTep GyHKIMY Kaue-
CTBEHHO MeHSeTCS] — BMeCTO HachlleHUsT QyHKLIUS
MepPeXoauT K pOCTy. JIJist TOTO YTOObI MMONTYUUTD TOCTA-
TOYHO TOUHYIO U aJIeKBaTHYIO alllpPOKCUMAIINIO PeKO-
MeHIyeTCsl IIMPOKMIA Iuarna3oH 3HaueHui (GakTopoB
pa36buBaTh Ha HECKOJIBKO YacTeit u cTpouTh OLIKII yis
KaKIO U3 HUX.

4. [lakeT CUMBOJNbHbIX BbIYUCIIEHUN
wxMaxima

PaccMoTpuM anbTepHATUBHYIO, ITPEeAI0KEeHHOM
B ITpeabIayIieM pasjese, alnipoKCuMaluio ¢ IIoMo-
b0 MHTEPITONSIMOHHOM QyHKIMN. VicTionb3yeMble
JaHHble MMEIOT Clenyomuin GuU3ndeckuii CMbICH:
dakTopsr X7 U X, — CKOPOCTh TeUEHMST OXJIaxKAalo-
el paguaTop KUIAKOCTU U KO3(G(ULMEHT Terio-
nepegauy MeXAay KMAKOCTbIO U paAauaToOpoM, a 1ie-
JieBast GyHKIMS Y SBJISIETCS TEMIIepaTypoii Harpe-
Ba paJmuaTropa OTHOCUTEbHO TeMIepaTypbl OKpysKa-
1omieii cpeasl. C yueToM €J1a6OTO MapHOTO B3aMMO-
nevicTBUS by 3, @ TAKKe aCUMIITOTMYECKMX OCOO@HHO-
creit (Y7 — conmpu Xp — 0 u/mnm X1 — 0; Yy — const
¢ poctoM X; U Xp) MOXHO MOCTPOUTH 6Gosiee TOU-
Hyl0 Qopmyy IJIS anIpoKCUMAIlMM Pes3y/bTaTOB
BBIUMCJINTEbHOTO 3KCIIEPUMEHTA

Tabnuua 2. KoadduumnenTsol ¢; (13)

Co C1 C2 C3 C4
293.313.083(9.0| —3.314 | —2.347

C1 Co
X1,X2) = -+ =
§(X1, Xa) =cot 3+ 5+
Cc3 Cq

+ + ,
X1 +X2 (X1 +X3)?

rae o 3agaetca B [KBt/(m%-K)], u,, — B [cM/c], a KO-
s duiineHTsI ¢; (Tabi. 2) onpenesioTcs pelueHemM
CUCTEeMBI TMHEMHBIX YPaBHEHUN

g(XerZ) =VYi

IUTs TIsITY Tiap mapameTpos (Xq; X3): (0.5;1), (0.5,3),
(0.5,5), (1.5;3), (2.5,3) ¢ COOTBETCTBYIOIMMM MM 3Ha-
YeHMSIM Pe3y/IbTaTOB BbIUMCAUTENbHBIX 3KCIIePYMeH-
TOB y;. Ha puc. 3 anmpokcumanus (13) mokasaHa IyHk-
TUPHBIMU IMHUAMMU (B BUze ¢ — Tp, rme Top = 293.3°C —
pernepHas TeMmrepartypa). [lorpenrHocts 3T0it hopmy-
JIbI BO BCEM [TapaMeTPUIeCKOM MHTepBaje He IIPEeBbI-
maet 1 %, 4TO 3HaUMTeIbHO MeHblIe ITOTPeLIHOCTei
MOy4YeHHO paHee anmpokcumalium Mmetogom OLIKII.

OTMeTUM, UTO IIPYU ITIOCTPOEHUM UHTEPIIONALN
BBIGOP HAbOpa ToUuek, yepe3 KOTOpbie OyaeT IMPoxo-
IUTBb MckoMast GYHKLIMS, MMeeT O0JbIllioe 3HaueHue.
Eciiu vHTEpronsiumst uMeeT GOJbIIYIO TOTPEITHOCTh
win CJIAY He MMeeT pellleHMs], TO HY>KHO BbIOpATh
JIpyrye IpoMexXyTOouHble IapameTpsl. Hapumep, ec-
JIU 3aBUCUMOCTD HEJIMHEHAS, TO TOYKA BHIOMPAETCS
TaK, YTOObI COOTBETCTBOBATH He CepeliiiHe UHTePBa-
na X;, a cepemuHe uHTepBasia Y. [Ijig BpI6Gopa Habopa
(yHKIMIA, COCTaBISIONIETO MHTEPIIONSALIMIO g, TIPOBe-
PSIIOTCA CJIenyIolye YCIOBUS: SIBJISIETCS 3aBUCHMOCTD
JIHEIHO WM HeT; MUMeeTCs HachlllleHue (Harpumep,
KaK 1oka3aTeJbHasl WK cTerieHHast QyHKIUK C OTPU-
LiaTeJbHBIM apryMeHTOM); HaJIu4YMe acCMMIITOT (Bep-
TUKaJIbHBIX, TOPU30HTAIbHBIX U1/ HAKJIOHHBIX).

Il peanu3sanyy JAHHOTO METOLA BOCIIO/Ib3yeM-
Cs1 IPOTPaMMO¥ CUMBOJIbHBIX BbIUuMcaeHUt Maxima [6]
¢ rpadmyeckum naTepdeiicom wxMaxima [10].

Ormnpepensiem dyHKUIMIO (13) B CMMBONIBHOM BUIE

(13)

‘fl(x,y):=c@+c1/x+c2/y+c3/(x+y)+c4/(x+y)A2; ‘

¥ 3a[jaeM HaboPbI MapaMeTpPOB

X0 : 0.5; go 3201.369;
x1 : 1.5; g1l 297 .544;
x2 2.5; g2 296.894;
yo 1.0; ro 302.695;
vyl 3.0;

y2 5.9; r2 296.631;

Iis pemenus CJIAY ucrionb3yeM KOMaHIy solve, a
ISl BBIBOJA pe3y/abTarta B opmate C IiaBaroiieit Tou-
Hoit — float:
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solve([f1(x0,y1)=90,£1(x1,y0)=r0,£f1(x1,y2)=r2,
f1(x1,y1)=ql,£f1(x2,y1)=g2],[c@,cl,c2,c3,c4]);
float(%);

Bonee noapobHas nHOpMaIs Mo UCTIOTb30Ba-
HUO naketa Maxima pnisi pemienus CJIAY, no ympo-
IIeHMI0 MaTeMaTUUeCKIX BbIPasKeHMI 1 TOCTPOEHUIO
rpaduKoB mpencrasieHa B pabote [7].

5. 3aknwueHue

B pa6ore mpencTaBaeHbl IPUMepPbI UCII0Ib30Ba-
Hus cBob6opHoro I1O a1t 06paboTKY U aHa/Iu3a JaH-
HBIX Ha IIpMUMepe JIBYX KIacCMueCKuxX MeTOIOB: all-
npokcumaiyst MHK 1 06pa6oTka pesynbTaToB MHO-
ronapaMeTpUUeCKUX IKCIIEPMMEHTOB C MOMOIIbIO
OLIKII. ITepBblit MeTOZ 6bUT peann30BaH Ha sI3bIKe IPO-
rpaMMmupoBaHus Scilab. Bbl1o MokasaHo, uTo 11t obec-
reveHus] KOPPeKTHOCTY alTpOKCHMMAaIM MCXOHHbIe
JaHHbIe TO/DKHBI ObITh HOPMMPOBaHbI. BTOpOi1 Me-
TOZ, peajan30BaH Ha Si3bIKe MporpaMmMupoBanmst C++.
[IpuBemeHbl TpUMepBI BU3yaau3aLuy pe3yabTaToB UC-
crefoBaHMii ¢ momouislo nporpamMmm KIgXu Gnuplot.

A TocTpoeHue BEeKTOpPHbIX rpacmMKoB B
PGFPlots

PGFPlots ocHoBaH Ha raketax PGF/TikZ v ripen-
Ha3HaueH /ISl TOCTPOeHMST IBYMEPHBIX U Tpexmep-
HBIX I'PaVKOB B IMHEITHOM MUJIV JIOTapUPMUUECKOM
Maciitabax C MCIOAb30BAHMEM Pa3IMUHBIX CTUIEN
CUMBOJIOB, JIMHUI U IOBepxHOCTei. [lognepkuBaeT
JIMHEJHbIe ¥ TOUeUHbIe TpadyKy, ITIOBEPXHOCTH, U30-
JIMHUM, TUCTOI'PAMMbI, TTOJISIPHbIE KOOPAMHATBI ¥ MHO-
roe Jipyroe.

[TpeuMyInecTBa Maketa CJIeIyIOIINE: eIMHO0Opa-
31€ UCITOJIb3YEMOTO B TOKYMEHTe U TpaduKax TUIa
1 pasmMepa mpudTa, a TakKe CTUIIS JOKYMEHTa; Ipsi-
MO€ JMCIIOJIb30BaHye MaTeEMAaTUYeCKOTO peskuMa IIJIst
OIMCAHMS OCe¥1; Co3/IaHNe He3aBUCUMBbIX I'PadyKOB B
dbopmarte pdf unu eps ¢ TOMOIIbIO CTOPOHHUX VUHCTPY-
MeHTOB TikZ.

PaccmoTrpum nipumep

\begin{tikzpicture}
\begin{axis}[height=6cm,width=8cm,grid=major,
font=\small,xmin=-5,xmax=5,ymin=-3,ymax=8,
legend pos=north west,
xlabel=$\textcolor{red}{x}$,
ylabel={$\textcolor{blue}{f(x)=\left(x 2+x+
5\right)\sin(x)}$}]
\addplot[orange!8@!black, smooth, samples=30,
mark=square*]{4*exp(-x"2/20)*cos(deg(x))};
\addplot[blue,mark=ball]{sin(deg(x)+90)};
\legend{$£(x)=4\exp(-x"2/20)\cos(x)$,$\cos(x)$3};
\end{axis}

\end{tikzpicture}

pesy/bTaT KOTOPOTO IMOKAa3aH Ha puc. 5.
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Puc. 5. Mpumep rpaduka noctpoeHHoro B PGFPlots

I'paduk onpenensieTcst B OKPY>KEHUM axis OKpyxKe-
Hus tikzpicture. MOsKHO 3a1aTh CIeAyIOLIMe ITapaMeT-
pbI: BeIcOTA height u mmpuHa width rpaduxa; Bcro-
MoraTenabHas ceTka grid; pasmep mipudrTa font; nua-
na30H M3MeHeHMs 3HaueHuii Mo OocsSIM Xxmin, xmax,
ymin, ymax; oJIoXKeHue JiereHabl legend pos; MeTKu
oceit B popmate WIgXxlabel, ylabel. I'paduku cTposIT-
cs1 KoMaHIo addplot, a cooTBeTCTBYOIAs TpaduKy
noanuck legend.

B TlocTpoeHne BEeKTOPHbIX rpadmKoB B
Gnuplot

[Tpu TOATOTOBKM TrpaduUKOB B U3AATETHCKONM
cucreMe BTgX onTuMaabHBIM BbIOODOM SIBJISIETCSI
ucnonab3oBanue Gnuplot-tepmuHana epslatex. aH-
HBIIi TepMMHAJ TIPECTaBIseT c060i1 KOMOMHAIINIO
IBYX TEPMMHAJIOB: 3a TpadmyecKyio 4acTb OTBEYAET
postscript eps, a 3a TEKCT ¥ MaTeMaTudeckue Gopmy-
nel — latex. [IpuBeAeM pMUMep UCIOIb30BaAHMS TaH-
HOTO TEPMMHAJIA B IBYX PEKMMAaX pabOThI: ITOATOTOB-
Ka rpadMKOoB [/ TOAK/IIOUeHNS UX B TOKyMeHT BTpX
U IMOJIrOTOBKA He3aBMUCUMOro rpaduueckoro dariina.

Hacrpoiika mapamMeTpoB rpaduKa OCyIeCTBIIsIeT-
CS1 CJTeAYIONMMM OTIIMSIMM: Pa3Mepbl M300PasKeHUST —
size, MICIIOIb30BaHMe IBETHBIX JMHMIL ¥ TekcTa — color
u colortext; CUMBOJI AeCITUYHOTO pasennuTens — set
decimalsign; VHTepBaJl MEXIY CTPOKAMU B JieTeHle —
set key spacing (yKa3bIBaeTCsl, eCJIM MOATCH K IMHUSIM
MMEIOT OOJBINYI0 BBICOTY); KOJIMUECTBO TOYEK Ha I'pa-
(uxke — set samples (0151 IAAKOr0 OTOGPAKEHMS OBICT-
PO MeHsIoIIecs QYHKUINMY 3TOT IIapaMeTp HYKHO yBe-
JIUYNUTD); MOATIUCHU K ocsiM set xlabel u set ylabel MoryT
comepxkaTb TeKcT B dopmate ATEX (11 TpaBUIbHOM
06pPabOTKM TAKOTO TEKCTa OH AOJIKEeH ObITh 3aKJIIO-
YyeH B OMHAPHbIE KaBBIYKM); UMSI BBIXOIHOTO (haiiia B
tdbopmare BTEX — set output; dopmat oToOpaskeHUs Y-
ceJl Ha 0CIX — Set format; VIHTePBAJIbI 10 OCSIM X U i —
set xrange u set yrange; TIOAIINCH K OCSIM — Set Xtics U
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set ytics. KomaHga moctpoenust rpadukoB plot MOKeT
cofiepskaTh HECKOIBKO (DYHKIIMIT CO CBOMMM ITapaMeT-
paMu oToOpaskeHus (TUIl IuHuUK — linetype vu It, Tun
IITPUXOBKYU B Bepcuu Gnuplot 5 v Bbillie — dashtype
WU dt, TomuyHa JuHuKu — linewidth v lw, uBeT nmnu-
Hum — linecolor unu Ic 8 dopmate RGB B Bue Ha-
3BaHMS 1[BeTa "colorname’ Wiy ero mecTHaaIaTe pud-
Horo koga "#RRGGBB’; MO>XXHO yKa3aTb CTUJIb JIMHUU
linestyle unu Is, oripenmesieHHbII KOMaHIO set style
line), pasmeneHHbIMM 3ansiToil. [Tommucu amuuwii title
O0TOGPaskaIOTCS B JIETEHE ¥ MOTYT COMIep>KaTh TEKCT
B popmare BIgX. liBeT pparmeHTa TeKcTa 3a1aeTcs
KoMaHpo¥ \textcolor. 17151 IepeHOCa IJIMHHOM CTPOKN
MCIIOTb3YEeTCsI CMMBOJI 00PaTHO KOCOI YEePTHI «\».

set terminal epslatex size 1@cm,6cm\
color colortext

set decimalsign

set border lw 2

set style line 1 lc rgb
set style line 2 lc rgb
set key spacing 1.5

set samples 250

set xzeroaxis

set output

set xlabel

set ylabel

lt1dt11lw5
lt 1dt 3 w5

set format
set xtics ( -3%pi,

-pi,@, plv

3%*pi)
set yrange[-1:2]
plot sin(x) title

wlls 1,\
sin(x**2/(pitabs(x))+pi/2) title\

-2%pi,\
2*pi,\

wlls 2

3anucbiBaeM ghuplot-cKpuIiT B aiin c umeHem
epslatex.gp v 3ammyckaeM B KOHCOJIU

‘gnuplot epslatex.gp '

IIpu komrmmassuyy cosmaetcs ¢aitn B hopmare
BTEX ¢ paciumpenueM tex u daiin B dopmare Postscript
¢ pacupeHnueM eps. B nokymenTe BTpX nsobpaxeHue
TTOAK/II0UAeTCS BHYTPM OKPY>KeHUs figlire KOMaHI0ii
input c ykasaHueM tex-daiina. [I7151 KOPPEKTHOTO OTOO-
pakeHMsT KUPWIIUIIBI KOOUPOBKA ghuplot-cKpUIITa u
JokyMeHTa BIEX mo/mkHbl coBragaTh. Eciy npenmno-
JlaraeTcsl CO3IaHue OTIeIbHOro U300paskeHus B hop-
MaTe eps, TO HyMepaluusl CTPaHuIl JOJIKHA ObITh OT-
KJIIOUeHa, a MaKeThl, OTBevaloIye 3a paboTy C TeK-
cToM U hopMyaaMu (Haripumep, paratype, amssymb,
amsfonts), 1BeTOM color v BHEIITHUMM 1306paskeHM -
My graphicx, mogxkmodyeHbl. Eciiu rianmupyeTcs 1o-
CTpOeHMe M30IMHUIA C MeTKaMy KoMaHI0li splot, To
HeoOX0aMMO MOAK/IIOUMTD MakeT calc. 3agagum UMs
(aiina doepslatex.tex.

\documentclass{article}
\usepackage[T2A]{fontenc}
\usepackage[utf8x]{inputenc}
\usepackage[russian,english]{babel}
\usepackage{paratype?}
\usepackage{amssymb}
\usepackage{amsfonts?}
\usepackage{color}
\usepackage{graphicx}
\usepackage{calc}
\begin{document}
\thispagestyle{empty?}
\begin{figure}
\input{epslatex}
\end{figure}

\end{document}

IJisT MOATOTOBKM HE3aBUCUMOIO TpaduyuecKo-
ro daitna cosgagum ¢aitn compile (B OC Windows
compile.bat) c KoOMaHAAMM [IJIsT KOMITWUISIUMY ghuplot-
cKRpuITa, KoMty (aiina doepslatex.tex, KOHBep-
taiuu Qaiia u3 dopmara dvi B hopmat ps 1 KOH-
BepTauuu daivia u3 popmara ps B dopmart eps. B OC
GNU/Linux daiin compile Hy>KHO CIIe/1aTh UCIIOTHSIE-
MbIM (KoMaHaa chmod +x compile).

gnuplot epslatex.gp
latex doepslatex.tex
dvips doepslatex.dvi
ps2eps -f doepslatex.ps

PesynbTaToOM BBIITOJIHEHMS TAHHOTO KOMaHIHO-
ro daiina siBisieTcst rpaduk B daitne doepslatex.eps,
MOKa3aHHbIN Ha puUc. 6.

Eciu rpaduk HY>KHO BCTaBUTh B IOKYMEHT, He
roaepxkuBaoiiuii Gopmar eps (Harpumep, MS Word),
TO €ro MOJKHO ITpeo6pa3oBaTh B pacTPOBbIi hopMart ¢
rioMoIibio GhostScript [33] KoMaHIO¥

gs -dSAFER -dBATCH -dNOPAUSE -dEPSCrop -r600
-sDEVICE=png256 -sOutputFile=f.png figname.eps

OyHRUMK [1(2) U fo(x)

AprymeHrT z

Puc. 6. Tpacdukmn dyHKUMIA, NnocTpoeHHble B Gnuplot ¢ no-
MOLLb0 TepMUHana epslatex
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31ech UCTIONbL3YIOTCS cienytoniue onuymn: dEPSCrop —
o6peska rosneii B eps-daiine; r600 — paspernierue 600
Touek Ha mwiiM; SDEVICE — rpaduueckuii popmat
co3gaBaeMoro ¢aiiia (TormycTumble GOpMaThl IpUBe-
IleHbl Ha Beb-caiiTe [33]) u ero Ha3Bauue sOutputFile.
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Application of free software for processing and
visualization of scientific research results

Nasibullayev L.Sh.
Mavlyutov Institute of Mechanics UFRC RAS, Ufa, Russia

The paper presents an overview and examples of the use of free software for processing, analyzing and visualizing the
results of computational and natural experiments. The implementation of two standard methods of approximation
and data analysis is considered: the method of least squares and orthogonal central composite design. The first
method allows the approximation of tabular data in the form of a polynomial of arbitrary degree. With an increase in
the degree of the polynomial, the accuracy of the approximation increases, but, due to the growth of the condition
number of the matrix, the correctness of the approximation decreases. It is shown that the normalization of the initial
data makes it possible to increase the maximum order of the polynomial, in which there will be no loss of accuracy
due to an ill-conditioned matrix. The implementation of the method in the Scilab programming language is proposed.
The second method makes it possible to obtain a second-order approximation for an arbitrary number of variables, to
estimate the linear and quadratic contributions of individual variables and their coupled interactions. A description
of the method is presented and a scheme for constructing an extended experiment design matrix is proposed. The
method is implemented in the C++ programming language, and a script written in the Scilab language is proposed
to determine the error of the obtained approximation. To obtain a more accurate approximation, one can choose a
function that takes into account the asymptotic features of the results of the computational experiment. An example
of such an approximation is implemented in the computer algebra software wxMaxima. The presented software
implementations of approximation methods additionally generate code in the Gnuplot and Scilab format, which
increases efficiency for subsequent visualization or analysis of approximations. Examples of research visualization in
the PGFPlots TEX package and in the Gnuplot program using the epslatex terminal are given. Both approaches are
convenient when presenting research results in the ATgX desktop publishing system.

Keywords: free software, the method of least squares, orthogonal central composite design, Scilab, wxMaxima, Latex,
Gnuplot
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A finite volume mesh with periodic boundary conditions
for a vortex tube numerical simulation

Mikhaylenko C.I.
Mavlyutov Institute of Mechanisc UFRC RAS, Ufa, Russia

The article describes some aspects of computational modeling of air dynamics in a vortex tube channel. In particular,
possible approaches to the numerical study of various geometric parameters are considered, both for the efficiency of
temperature stratification and for maximizing or minimizing various parameters of physical diaphragms. An approach
to the choice of a method for constructing a finite-volume mesh is presented. It is shown that the best performance
can be achieved when using an orthogonalized hexagonal grid with a distribution of finite dimensions close to
uniform. The findings are applied in modeling in the OpenFOAM environment for k — € and k — w turbulence models.
It is shown that in the above formulation of the problem, the results obtained demonstrate the general nature of the
dependence of the physical parameters on the dimensions of the cold diaphragm. However, a quantitative difference
in the results for the k — € and k — w models should be noted. It requires further research and comparison with

experimental data.

KnioueBble cnoBa: numerical simulation, finite volume mesh, vortex tube, OpenFOAM

1. Introduction

A vortex tube is a device without moving parts,
which divides the gas flow inleting tangentially in
the area of one of the tube ends (swirler) into two
low pressure swirling flows with temperatures above
and below the initial one. Gas under high pressure
inlets the vortex tube tangentially through the swirler
nozzles, which increases the angular velocity and,
therefore, organizes the vortex effect. Then the gas
leaves the device through two outlets: a hot diaphragm
located along the outer radius at the end farthest from
the swirler, and a cold diaphragm forming a nozzle
along the channel axis near the swirler. The described
design of the vortex tube is called counterflow. Thus,
the gas is conventionally divided into two layers. Gas
closer to the axis is at a low temperature and exits
through the cold diaphragm, while gas at the periphery
of the pipe is at a high temperature and exits the device
through the hot diaphragm.

The temperature difference caused by the vortex

© NHctuTyT Mexanuku um. P.P. MasnwotoBa YOI PAH
© Mikhaylenko C.I.

flow was first discovered by the French engineer
Georges J. Ranque in 1931 [1] in the process of
improving cyclone pipes for cleaning gases from
dust. Later, the German physicist Rudolf Hilsch [2]
published research on improving the design of a vortex
tube. Subsequently, such vortex tubes were called
Rank-Hilsch vortex tubes.

The vortex tube has the following advantages
over conventional cooling devices: simplicity of
design, no moving parts, operation without electricity
and chemicals, small size and light weight, low
cost, maintenance-free, instant operation, durability,
adjustable temperature [3]. But low thermal efficiency
is one of the main limiting factors in the widespread
use of vortex tubes. In addition to the indicated
disadvantage, it should be noted the increased noise
level and the issue of the availability of compressed
gas, which can also limit the application. Therefore,
when compactness, reliability and lower cost of
equipment are the main factors, and high operating
efficiency is less important, the vortex tube becomes
a good device for heating or cooling gas, purifying and
dehydrating gas, separating gas mixtures, applying
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DNA, liquefying natural gas and for other purposes [4—
6].

Due to the simplicity of the device and its
reliability, vortex tubes are widely used in many
industries. Vortex tubes are used as refrigeration units
in the food industry, for drying and separating gas in
the oil industry, for monitoring the environment in
the study of underwater environments [7], for heating
and cooling chemicals [8], etc.

The main physical mechanism of the processes
that determine gas cooling in a vortex tube has not yet
been fully studied. There is continue investigations
of the emerging effect and attempts to explain this
phenomenon. So, in works [9, 10] reviews of existing
models of vortex tubes and their designs are given. The
existing theories are described and new approaches to
explaining the Rank-Hilsch effect are presented.

It is also necessary to highlight a large number
of experimental studies in the area of the design and
dimensions of the vortex tube. The work [11] presents
the results of a study of the efficiency of cooling a
vortex tube taking into account the number of nozzle
holes. The authors of the article [12] propose a more
detailed consideration of the geometric parameters of
the pipe, such as pipe length, diameter and internal
taper angle, as well as their influence on the efficiency
of the pipe. Thus, there are experimental studies
suggesting characteristic pipe parameters and feed
gas properties.

This work describes the development of a finite-
volume mesh focused on doing massive computational
experiments to study the dynamics of gas in the
channel of a vortex tube. Possible limitations imposed
by spatial decomposition in parallel calculations
using MPI technology are taken into account. Several
ways to prepare a mesh for calculations in the
OpenFOAM software are described below. In this case,
the experience [13-15] obtained earlier is used. Also,
when developing the mesh, the features of the possible
influence of the boundary conditions on the results
obtained are taken into account [16].

2. The mathematilcal model
2.1. The common hydrodynamics model

The hydrodynamics processes into a vortex tube
channel can be described by the standard system of
continuous media equations contents of the continuity
equation, the equation of impulses, the energy
conservation equation and closure the system by an
equation of state.

« The continuity equation

87p + apui

o Tox, O

» The equation of impulses (Navier-Stockes equa-
tion)
dpuj  dpu;ju;
ot ax;

a‘lZ]','

__9p
o T axi ’

aX]'

» The energy conservation equation

dpE | dpu;E _ dpu; otjji;

W axi - axi ax]

» The equation of state of an ideal gas

P
(vy—"Dp.

The following notation is here: p is the gas density; u;
are the velocity vectors components; p is the pressure;
E is the specific total energy of gas; v is the adiabatic
exponent; e is the specific internal energy linked with
the specific total energy by equation

e =

Tiuf
6+T/

Tj; is the viscous stress tensor calculated as

T — % i % B 2 auk
AR o T oy ’

377 9x;
wis the dynamic viscosity and ;; is the Kronecker sym-
bol.

When using the turbulence model, u is calculated
as u = ug + vip, where pg is the dynamic viscosity of
gas and v; is a kinematic eddy viscosity calculated by
any turbulence model.

E:

2.2. The k — o turbulence model

The turbulence model k — w is considered one of
the best for the case when there is a solid wall in the
computational domain. The vortex tube corresponds
to this case. The model is described by the turbulence
energy equation and the specific dissipation rate equa-
tion.

» The turbulence energy equation

ok duk _
Jt axi -
Jou

' 0 ok
] px *
= r]l—axi B*wk + o [(v—i—o vt)axll :

» The specific dissipation rate equation
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Here k is the turbulence energy; w is the specific dis-
sipation rate; v is the kinematic viscosity of gas; v; is
the kinematic eddy viscosity calculated as

Vi = —;
0]

and closure coefficients are empirical values

13 9 .9
% P=15 B =150

2.3. The k — ¢ turbulence model

o = 0 = 0% =

1
=

The k — ¢ turbulence model is known as more sim-
ple in its numerical realization. The model equations
are the turbulence energy equation and the turbulence
dissipation rate equation.

» The turbulence energy equation

% n Juk
ot ax; B

_ O [y vy k] 20w
N axi O axi 3 E)x,v P
« The turbulence dissipation rate equation

% au,»s o
ot axi -
P} 2

9 vi\ Oe 2 u; €
axi[(v+0£>8xi} 3C188xi G2

Here k is the turbulence energy; ¢ is the turbulence
dissipation rate; v is the kinematic viscosity of gas; v;
is the kinematic eddy viscosity calculated as

k2
Vi = CH?’

and the model empirical closure coefficients are values

Ci1=144, C =192, or=1, o.=13.

2.4. The initial and boundary conditions

A counter flow vortex tube is considered in the
work is a cylindrical device which has four tangentially
placed inlet channels and two outlet diaphragms. The
main channel length of a simulated tube is 120 mm
and the diameter equal to 16 mm. The diameter of the
cold diaphragm changes from wthe size equal to 5 mm
to 11 mm. The hot diaphragm placed near external
wall of cylinder is circular and its wide equal to 0.5 mm.
The outlets of the computational domain are located
at the ends of the cylinder, which has the diameter
equal to diameter of main cylinder, and places at a
certain distance from the outlet diaphragms.

The initial conditions is close to normal ones. The
velocity of gas equal to zero, the temperature equal to

293 K, the pressure equal to atmospheric (100 kPa) and
the density equal to air density for ordinal conditions.

Inlet parameters are constant pressure equal to
600 kPa (6 atm) and constant temperature (293 K). An
inlet velocity is determined by the pressure gradient.

Outlet parameters are the normal pressure
(100 kPa), and flow boundary conditions for a velocity
and a temperature.

The boundary conditions for the physical param-
eters on the wall are determined by the turbulence
model. Where are set the slip boundary condition
for the k — ¢ turbulence model case and the no-slip
ones for the k — m model. The boundary conditions
for turbulence parameters on the wall describes by
corresponding wall functions.

3. A mesh construction

A vortex tube is a complex geometrical area, since
in addition to the main cylindrical channel, there are
also swirler inlets, outlet diaphragms and boundaries
with outlet conditions, placed with the necessary re-
quirements. The simplest option for meshing for com-
plex areas is automatic generation. OpenFOAM allows
to use the unstructured mesh automatically generated
in the Salome software. The second option is to gen-
erate a pseudo-structured orthogonalized mesh using
the SnappyHexMesh utility included in the OpenFOAM
software.

3.1. Automatically generated meshes

Previously the author investigated the possibil-
ity of using an automatically generated unstructured
mesh with finite octahedral volumes [14]. Fig. 1 shows
an example of such a mesh created with Salome. It
should be noted that despite the uniformity of such
a mesh on the surface, as shown in Fig. 1 (a) and (c),
the mesh does not have sufficient uniformity inside,
as can be clearly seen in Fig. 1 (b). Such a structure of
a finite-volume mesh leads to a slight increase in the
computational error.

The most significant disadvantages of such a
finite-volume mesh are as follows. With the number of
nodal points comparable to that of a hexagonal mesh,
the number of faces between neighbour finite volumes
for an unstructured mesh increases significantly. Since
the finite volume method calculates the flow of physi-
cal values through each face, the simulation time in-
creases significantly. The next important disadvan-
tage is the non-orthogonal of the unstructured mesh,
which in the general case also leads to an increase in
the simulation time and, in addition, to an increase in
the error. The last significant disadvantage is the fact
that the unstructuredness of the mesh complicates the
spatial decomposition procedure, which increases the
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Figure 1. The mesh generated by Salome: general view along the tube (a); cross-section of the mesh (b); view from the

side of the cold diaphragm (c)

simulation time on the computational cluster.

Thus, the relative ease of constructing an unstruc-
tured mesh is largely lost by its general disadvantages.

The issue of automatic mesh generation with a
small number of finite volumes using OpenFOAM [15]
was also considered earlier. The SnappyHexMesh util-
ity is intended for this goal. The mesh is created using
3D reference geometry described in STL format. The
utility allows to get a partially structured orthogonal-
ized and mostly hexagonal mesh.

The main disadvantage of this method of gener-
ating a mesh is that if the number of nodal points is
limited, the resulting mesh is highly homogeneous
with artifacts and concentrations.

Fig. 2 shows an example of a mesh generated by

the SnappyHexMesh utility. It should be noted that
the number of node points on this mesh is comparable
to the number of nodess on the unstructured mesh
shown in Fig. 1. The figure shows that such a mesh is
fairly uniform on the surface and in depth. However, in
the near-wall areas and in the places of surface bends,
a considerable concentration of the nodal points is
observed, which is clearly visible in Fig. 2 (b) and (c).

It should be noted that in the case presented in
Fig. 2, the computational process is completely impos-
sible, since to supply stability, it is necessary to set the
time step much less than any reasonable value.

It is possible to achieve computational stability on
such a finite-volume mesh if we make it more uniform,
but this significantly increases the number of nodal

(a) =

T

L3

P ©

(b)

S

i

)

Figure 2. The mesh generated by SnappyHexMesh utility: general view along the tube (a); cross-section of the mesh (b);

view from the side of the cold diaphragm (c)
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Figure 3. The manually maked mesh for using with k — & turbulence model: the cold diaphragm and the hot diaphragm
areas (a) and view from the side of the cold diaphragm (b)

points, which ultimately dramatically increases the
simulation time.

3.2. Manually created meshes

We can try to avoid the problems described in the
previous section by building a finite-volume mesh us-
ing the blockMesh utility included in the OpenFOAM
software. The utility uses a formal description to
divide the computational domain into a set of non-
intersecting blocks (boxes) but contacting with their
faces, each of which will contain its own orthogonal
hexagonal grid of finite volumes. The specified descrip-
tion is written in a special dictionary file blockMesh-
Dict. The dictionary contains the coordinates of the
points that will be the corner points of the hexagonal
blocks; descriptions of possible curves between two
points, if this edge is not a stright line. The dictionary
also contains definitions of blocks and the way they
will be split into finite volumes. In addition, surfaces
are selected in the dictionary, on which boundary con-
ditions will be set.

The computational domain describing the vortex
tube channel is very difficult for manual development

of a uniform hexagonal finite-volume mesh. The com-
plexity is determined by several factors. First, one can
distinguish at least three nested cylindrical regions
oriented along the channel. The mesh for the inner
cylinder is easily obtained using the five-area method.
However, for the outer cylinder, some action must be
taken to maintain the relative uniformity of the mesh.
For this it is necessary to introduce additional blocks,
as can be seen in Fig. 3 (b) and 4 (b). Then it is nec-
essary to describe the hot diaphragm (third cylinder),
which has a very small thickness and, in addition, a
cone-shaped plug is located at this end of the vortex
tube.

The above problems can be partially solved. The
result shown in Fig. 3 shows a finite volume mesh de-
signed for the computational domain with the con-
straints described above. This mesh is intended for
calculations using the k — ¢ turbulence model. In the
case of using the k — ¢ model, on the wall it is possi-
ble to set the condition of no-slip and not select the
near-wall layer, as can be seen in the figure.

The main significant difference in the use of a
computational mesh constructed in this way from

(b)

(@

[

[

Figure 4. The manually maked mesh for using with k — w turbulence model: the cold diaphragm and the hot diaphragm
areas (a) and view from the side of the cold diaphragm (b)
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an unstructured mesh is significantly less simulation
time. In addition, a difference in the level of compu-
tational error is assumed, but this issue has not been
checked for the case of modeling a vortex tube using
these meshes.

When constructing a mesh for modeling using a
k — o turbulence model, an additional requirement
arises to select several layers of finite volumes of the
near-wall region. It should be noted that the method
of constructing the computational mesh, which was
used for calculations with the k — ¢ turbulence model,
is fully applicable for this case as well. The definition
of boxes in the blockMeshDict dictionary allows to set
the non-uniformity of the finite-volume mesh, which
makes it possible to select the near-wall layer. In Fig. 4
shows a mesh created with such modifications. It is
worth noting that such a mesh contains almost twice as
many finite volumes as compared to the mesh shown
in Fig. 3.

4. Some results

Finite-volume meshes described in section 3.2.
have proven themselves well in calculations using the
sonicFoam solver from the OpenFOAM software [18-
20]. These meshes are now actively used in massive
computational experiments.

Fig. 5 shows the dependence of the time-average
temperature at the outlet of the cold diaphragm noz-
zle on the diameter of the cold diaphragm. Below are
the results obtained by the time of this writing on the
study of the dependence of various physical param-
eters on the diameter of the cold diaphragm. When
simulating the vortex tube has the following main di-
mensions: channel diameter D = 16 mm; channel
length L = 120 mm; cold nozzle length / = 20 mm; the

320 ‘
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Figure 5. Dependence of the time-average tempera-
ture at the outlet of the nozzle of the cold
diaphragm on the diameter of the cold di-
aphragm
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Figure 6. Dependence of the time-average temperature
at the outlet of the hot diaphragm on the
diameter of the cold diaphragm

diameter of the cold diaphragm varied from d = 7 mm
to d = 12 mm. Data are given for calculations us-
ing k — € and k — o turbulence models. In the figure,
you can see that for both options, the allocation of a
certain conditionally optimal diameter is character-
istic, at which the temperature of the outgoing air is
minimal. However, the specified minimum is reached
at different values of the diameter and has different
values of temperature.

It follows from the literature that for these geo-
metrical parameters, the values obtained in the k —
o turbulence model are closer to the experimental
data [21], but this statement requires additional verifi-
cation in the case under consideration.

In Fig. 6 shows the dependence of the average
temperature on the hot diaphragm on the diameter
of the cold diaphragm. These plots show a fairly simi-
lar relationship for both turbulence models. However,
in the future, it is necessary to expand the range of
variation of the cold diaphragm diameter in order to
explain the maximum observed when using the k-e
turbulence model.

5. Conclusion

Thus, it is shown that the construction of a com-
putational mesh using the blockMesh utility allows to
create a better mesh due to human participation. De-
spite the fact that in some parts of the computational
domain such a mesh deviates slightly from the real
geometry of the vortex tube, as it happened for the
swirlers in Fig. 3 and 4, this has no noticeable effect
on the result.

A particularly important property of the mesh
created by the blockMesh utility is the ability to ex-
tensively control the size of individual finite volumes,
their placement, uniformity and condensation.
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It should also be noted that the language for de-
scribing the dictionary blockMeshDict allows to widely
enter and use variables, as well as use arithmetic ex-
pressions in the C language. To calculate these ex-
pressions, the C compiler is called. Thanks to this
possibility, the creation and modification of the com-
putational mesh can be largely automated. This fact
makes it easier to carry out massive computational
experiments.

Thus, the blockMesh utility can be recognized
as one of the most convenient and accurate tools for
creating a finite-volume mesh for modeling a vortex
tube in the OpenFOAM software.
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BbiBOA, AMCNEPCUOHHOIO YpaBHEHUN 4NN onpeneneHus
CKOpPOCTHU BOJIHbI CTOYH/IM Ha rpaHu1LLEe NOPUCTLIX Cpea,
HaCbILWEHHbIX M’MAPaTOM U BOAON!

Kapumosa I.P., Pa¢pmkosa I.P.
MHcTuTyT MexaHukn uM. P.P. MasntotoBa YOWL, PAH, Yoa

B HacToslLel paboTe paccMaTpuBaeTCsl NPOLLECC pacnpocTpaHeHus BonHbl CTOYHAW BAOMb rPaHuLIbl pa3fena ABYX Cpes,
rAe BepXHss cpefa NpencTaBieHa NeckoM, HaCbILEHHbIM BOLOM, @ HUXHSIS — NMeCKOM, HACbILEHHbIM rasoruapaToMm. B
MpsIMOYro/IbHOM CUCTEME KOOPAMHAT BbIOpaHbl HAaNpaBNeHWUs 0Ccei AN Cyyasl, KOraa naoCcKoCTbio pasaena aBnsercs
z = 0. PaccMotpeHa BonHa CTOYHIM BEPTUKANbHOM NONSpU3aLuu, T.e. OTCYTCTBYET rOPU30HTANbHOE MOMNepeYHoe nepe-
MelleHue. lapMoHMYeckas BOIHA pacnpoCTPaHNAETCs Ha LOCTAaTOYHO YAANEHHOE PAacCTOSIHUE OT UCTOYHMKA B3PbiBa U
NpencTaBnsieTcs CyMMOM NPOAO/bHBIX U NMOMEPEYHbIX BOJH B KaXA0M NONynpocTpaHcTae. s onucaHus Matematy-
YeCcKoM MOLENU UCMO/b30BaHbl BOSHOBbLIE YPABHEHMS, YPAaBHEHUS NS CMELLEHMS YACTULL U KOMINOHEHTOB TEH30POB
HanpsXeHUs, KOTOpble [OMOHEHbI FPAHUYHBIMU YCIOBUSIMU. B pe3ynbTaTe HaXOXAEHWS aHANUTUHECKUX PELIEHN
B BUAE rapMOHUYECKoW 6eryuiei BOHbI 415 CMeLLEeHMiA, NOTEHLMAN0B, BEKTOPOB NPOAO/bHOM M MONEPEYHOW BOSH
Mony4yeHo AUCNEPCUMOHHOE YpaBHEHWE ANS ONpeaeneHus CKopocTu BoHbl CToyHau. Mpu MCNonb3oBaHUM AaHHOMO
YPaBHEHMSI U SKCNIEPYMEHTANIbHbIX 3HAYEHUIA CKOPOCTEM NMPOAObHBIX M MOMEPEYHbIX BOJH B HACBILLEHHbIX MOPUCTbIX
cpenax MOXHO HaiTU CKOPOCTb BOJIHbI CTOYHAM B 33aBUCMMOCTM OT PasfMyHbIX NapaMeTpoB NOPUCTON Cpefbl.

KntoueBble CNoBa: NOBEPXHOCTHbIE aKyCTUYECKUE BOJIHbI, BoAHA CTOYHNM, ANCNEPCUOHHOE YpaBHEHUE

Topamu [2—-4]. I3BeCTHO, YTO TOBEPXHOCTHBIE BOTHBI
OBIBAIOT C BEPTUKAIbHOI ¥ TOPU3OHTAIbHOJ ITOJISI-
pusanueit, K Haubosiee 4aCTO BCTPEUAIOIIVIMCS YacT-
HbBIM CTy4YasiM MOXKHO OTHeCTU BOJIHBI Pastes, JIsgBa u
Croyunu [5]. Hanbonpimmii MHTepec BhI3bIBAeT 3aa4a
0 pacIpocTpaHeHUY IOBEPXHOCTHO rapMOHNYECKOA
BOJIHBI BJIO/Ib IPaHMIIbI paszena JBYX )KeCTKO CKIIeeH-
HBIX Cpe[l, KOTOpasl BIIepPBbIe Obl/Ia pelleHa B pabore
6puTaHCcKOro ceiicmosora Po6epra CroyHiau B 1924 ro-
Iy [6]. BomHBI TaKOTO THUIIA UCCAELYIOTCS A0 CUX TIOP
C pasAMUYHBIMU YCIOKHSIOMMMU hakTopaMu B reo-
(usuke, cericmonoruu s OLeHKY IPOHULIAEMOCTH
II0pOAbl, paclipenenenys, MOIHOCTY I1acTa u gp. Ha-
npuMep, B pabore [7] pacCMOTpPEHO BIMUSHYE KOHTAKTa
pas3INYHbBIX FPaHNYAIlNX Cpef, Ha CBOVICTBA aKyCcTu4e-

1. BBepeHue

Bonbiioe BHMMaHMe UCCIef0BATeNSIMU yaensieT-
CsI IOBEPXHOCTHBIM aKyCTUUYEeCKMM BOJIHAM, TaK KakK
006J1aCTV UX TIPUMEHEHUS] M U3YUYEHUST OJIsT MeXaHU-
KU CIUIOLIHBIX Cpesi MHOTOIpaHHbI [1]. OTu yripyrue
BOJIHBI PaCIIPOCTPaHSIIOTCS BIOJIb CBOOOIHOIT ITOBEPX-
HOCTMU TBEPAOTO TeJla WK TPAaHUIIbI C APYTUMMU Cpelia-
MU U 3aTyXalo0T IpU yIaJdeHUN OT rpaHuLbl. B HacTo-
silee Bpemsi JOCTaTOYHO 3HAUYMMBbIN BKJIAJ, B U3y4de-
HUY GOJTBIIIOTO KOJIMYECTBA SIBJIEHNUI BHOCUT TEOPUS
aKyCTUUEeCKMX BOJIH. 3HAUMUTETbHOE KOIUUEeCTBO pa-
60T IOCBSAIIEHO GU3NYECKUM CBOICTBAM, IPUMeHe-
HMSIM U XapaKTePUCTUKAM 3TUX BOIH MPU PA3JINIHBIX
YCIOBUSIX CpeJ C Pa3IMIHBIMU YCIOKHSIIOMMMU (ak-

1YccnenoBanue BHITIONHEHO 3a cYeT rpaHTa Poccuiickoro Hayu-
Horo ¢donma N2 21-11-00207.

© MHctuTyT Mexanuku um. P.P. MaBitotoBa YOUI] PAH
© Kapumosa I'.P.
© PadukoBa I.P.

ckuX BoH CTOYHIIM, TIONYYEHO TMUCIIEPCUOHHOE YpaB-
HeHMe. BbICOKOYaCTOTHBIE BOTHBI CTOYH/IM TAIOT MH-
opmanuio o pusMUecKux CBOICTBAX MPUIETAIOIINX
C710eB, 0 BO3MOYKHBIX Mexkda3HbIX TpelinHax [8]. IIpak-
TUYECKOE MIPUMEHEHME PACIPOCTPaHeHust BOMHbI CTO-
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YHJIM TIPOJEMOHCTPUPOBAHO B XOf€e celicMoornye-
CKOJi pa3BeiKy Ha ra30THUIPaTHbIX MECTOPOXKIEHMUSIX
Manuk (KaHaga) [9].AHanm3 JaHHBIX, TIOTYYEHHBIX C
celicmorpadoB, MO3BOIWII OIIEHUTH ITPOHUIIAEMOCTb
TOPO/Ibl, MOIITHOCTb TUAPATHOTIO IJIACTa U MOTYYUTh
3HaYeHUs CKOpocTel BoaHbI CTOYHIIN.

Llenbio HACTOsIIE PabOThl ABISETCS UCCAEHO-
BaHMe IIpoliecca pacipocTpaHeHus BoJHbI CTOYHIU
BIOJIb TPAHMIIbI paszelia «IIeCOK, HaChIIeHHbI BO-
IOV — IeCOK, HACHIIEHHbII ra30TUAPATOM MeTaHa»,
a TaKke BbIBOJ, YpaBHEHMS JJIsT OTIpeiesIeHUs CKOPO-
¢ty BO/IHBI CTOYH/IM. B COOTBETCTBUM C 1€/TbIO ObIIN
MTOCTABJIEHBI CIEAYIONINEe 3a0aun:

1) ommucaHue maTeMaTU4yeCKOM MoAeIM pac-
rmpocTpaHeHust BoaHbI CTOYHJIM Ha TpaHMIE «Ile-
COK, HaCBIIeHHbI/A BOAOW — II€COK, HACIIEHHbIN
rasoruapaToM MeTaHa;

2) mosyyeHue aHAIUTUYECKUX pellleHi B BUe
rapMOHMYECKOi Geryiieii BOIHbI s TaBJIeHMsI, CMe-
LIeHMI, MOTEHIMAIOB [/11 BEKTOPOB MPOI0JbHOM U
MOIIepeYHOli BOJIH;

3) BBIBOJ, YpaBHEHMS [IJIS OMpefeeHUs] CKOPOCTU
BOJIHbI CTOYHIN.

2. MMoctaHoOBKa 3aaauu

PaccmoTpum mpoliecc pacrpocTpaHeHUsT BOJTHBI
CToyH/IM BIOMb TPAHULIBI pa3fena ABYX Cpell «I1eCoK,
HaChIIIeHHbIN BOMOIM — I€COK, HaChIIeHHbIN ra3o-
rMapaTom meTaHa» (puc. 1). B mekapToBoii cucTeme
KOOpAMHAT BbIOMpaeM HampaBIeHUsT OCEli U CUMTa-
€M, UTO IVIOCKOCThIO paspena ssisietcs z = 0. [lomy-
CTUM, UTO Bo/iHA CTOYHJIM BepPTUKAIbHO TOISIpU3a-
LIMH, TO €CTh OTCYTCTBYeT rOPU30HTAIbHOE TTollepey-
HOe nepeMelnreHye. l'apMoHMJeckasi BOJIHa pacIipo-
CTpaHsIeTCs Ha JOCTAaTOYHO yAaJleHHOe PacCTOSIHMe OT
MCTOYHMKA B3PbIBA.

Iyt o6;acTy mecka, HachIIEHHOTO TUAPATOM, BbI-
MIMCaHbI CIeIYIONI/e YPAaBHEHUS :
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Ct(SZ) — CKOPOCTY TIPOJOJIBHBIX U MOIIEPEYHBIX BOTH
coorsetcreenno; WY, Wi W) wl2) _ cyvemme-
HMS 9ACTVIL TI0 KOOPAMHATAM ¥ 1 z B cpenax; PV,
PV, p2) pls2) _ xommonents Tensopa Hampsike-
HMi1; 5 — 0671aCThb MecKa, HaChIIEeHHOTO ra30rUapa-

TOM,; Sp — 00/1aCTh ecka, HaChIleHHOTO BOIO0IA; ! —
IPOLO/JbHAS BOJIHA;  — IOIepeyHas BOHA.
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Cuctemy ypaBHeHuit (1)—-(6), cocTosIIYyIO
U3 BOJIHOBBIX ypaBHeHuit (1) u (4), ypaBHeHMI1
cvenieHus vactuil (2) u (5), ypaBHEHUII KOMIIO-
HEHT TEeH30pOB HamnpsbkeHus (3) u (6), LOMOIHUM
IPAaHUYHBIMU YCIOBUSIMU:

z=0: W — wi)

W;Esl) _ W}gsz)/

7

(7)
1)(52)

P = pi&), pls) = pls),

3. BbiBOA AMCNEPCUOHHOrO ypaBHEHUSA

Ins1 BOMTHOBBIX ypaBHeHUM (1) u (4) pelieHus
IJs1 IBYX obJyiacTeit MileM B BUe TapMOHMUECKO
6eryIeit BOJTHBI:

1) = f(z)ellkr—on ()
CP(SZ) _ q(z)ei(kx—wt)

— g(z)ei(kx—wt)l

. ®)
— r(z)ez(kx—wt) )

, W(Sz)

[Mocne noncranoBku (8) B ypaBHeHus (1) u (4)
roiydaeM 4eTbipe auddepeHnaabHbIX YPaBHEHNUS
BTOPOTO MOPSIIKA:

—® f( ) i(kx—ot) _
_ Cl(sl)Z (ka( )e! i(kx—ot) 4 d{;;(z) i(kx— wt)) )
_(D2g(z)ei(kx—wt) _
_ a0 (2 itke—ot) |, 478(2) pilkx—of)
C (—igaplton + L ,
_qu(Z)ei(kxfu)t) _
:C(Sz) ( qu( ) (kx (ut)+ dqu(QZ)e(kx wt)) ,

dz2
dzf(z) 2 (s1)?
el GRU RO FORL)
dzg(z) 2 (s1)? _
(B -k ) s =0
#q(z) (2 ()
el GRU L OR
d*r(2) 2 (s2)
- (k — k! )r(z) —0,
roe
kl(Sl)z Z/Cl(sl)z, kgsl) Z/Ct(sl)z,
kl(sz)z 2/C1(52)2, k(sz) z/Ct(SZ)Z

/ (s1)2 / (s1)2
k2,1 k21
=Ae S Q(z)=Age K z
)
kz_k S2 2 52
\/ Bze\/k —k,

C yuyetom (9) OKOHYATENBLHO [JIS1 ITIOTEHLUAI0B

TOJTy4aeM:
cp(sl) _ Alei(kxfu)t)fsgsl)z
(51)2

\V(Sl) _ Azei(kx—wt)—st , (10)
CP(52) _ Blei(kx—wt)-i-sl(SZ)zl

7

W(SZ) _ BZEi(kx—wt)-&-sisz)z

st =Kk, st = ek

kgsz)z’ SESZ) —\JKk2 = kgsz)z.

rae
Sl(sz) —\Jr2—

VpaBHeHus (2) u (5) oyis1 yno6CTBa mepenuiiemM
yepes MOTeHIMAJIbI:

(s1)

W,ES]) — ikAlei(kx_wt)_sl zy
(s1)
L Vz

+S§51)A26i(kx7wt) —s, 1

Wz(sl) _ _Sl(sl)Alei(kxfwt)fsl(sﬂz_'_
(s1)

+l'kA2€i(kx7wt)7s“ Z,
(11)

WJSSZ) _ l-kBlei(kx—wt)-&-s;sz)z
(s2),,

_5552) Bzei(kx_“’t)+5t

4

Wész) = Sl(sz)Blei(kxfwt)Jrs;Sz)z_f_
(s2),,

_._iszei(kxf(Dt)Jrst

C ydeTromM rpaHMyHbIX yCioBuit (7) U ypaBHe-
Hui1 (10), (11) mosmyyaem CUCTEMY C YeTBIPbMS HEU3-
BeCTHBIMU aMIUTUTyAaMu Aq, A, By, B:

ikAy + 5\ Ay — ikBy +5\VB, =0,
sV Ay — ikAy + 5B, +ikB, = 0,
2iks\*Vp Ay + (sﬁsl)z + k2) Agt
2By — 1y (SESZ)Z + kz) B, =0,
((h1 +2m) (sl(sl)z — ) +2mk?) A
—2iks V) Ay —
— ((kz + 2up) (51(52)2 — k2> -|—2u2k2> Bi—
—2iks{* i, B, = 0.

+2iks'®
(12)
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Ycinosuem CyleCTBOBaHMA pEIeHUS CUCTeMbI ypaBHEHI/Iﬁ (12) SIBJISIETCS PAaBEHCTBO OIIpeae/ImTelId HYII0.
Hcxops 13 sToro YCI10BuUS, ITO/Iy4YaeM cjienymuiee 1MCriepcCMoHHOe YpaBHEHUe:!:

ik sESl) —ik s§52)
s _ik 5% ik
2 2 =
2iksl(sl)u1 T (SESI) + k2> ZikSI(SZ)m —Up (SESZ) + kz) 0.
(M+2u) (sl(sl)z—kz) +2u1 k2 —2iks£sl)u1 - ((kz +2uy) (51(52)2 —kz) +2u2k2> —21'ks£s2)uz

o S S S S
Iocie HEKOTOPBIX MPeo6pPa3oBaHMit, IIPU 3aMeHe BCeX BOTHOBBIX umcen k, kl( 1), kg 1), kl( 2), kg 2) yepe3s

ckopoctu Cgt, Cl(sl), CI(SZ), Ct(sl), Ct(SZ), TosyyaeM ypaBHeHMe JJisl OnpeAeneHyst CKopocTy BOMHbI CTOYHIIN:

4(Ct(s”2—ﬁcf”)2)2 S PR S PR o B PR o

clo? 2 cr? _Ct(SZ)Z
O ) L S S LR S & &
+<4 (pCi™” + ) +pC2 (pC2 — 4pC™ - 4c] )) 1=\ [1-
1 t
O D ) L S S O S o R P G|, G
+(4 (pCi™” + ) 42 (& —acf? —ac| )) 1 Cl(;z)z 1 cf;)ﬁ

& (5 (Ch+ 1607 —ache —achcfR))

2 2 2 2
X 1— Cst _ Cst _ Cst _ Cst
2 2 2 2
Ct(51) Cl(sz) Ct(SZ) Cl(sl)
4~ 2 (51)% _ x(2)? 2 (=2-(52) < ~(s1) < ~(52)? (s1)%) _
+CH(p—1)" +4 (Ct —pC —4G (PG -G PG £ G ) =0
4. 3akJuyeHue [6] Stoneley R. Elastic Waves at the Surface of Separation of Two
Solids // Proceedings of the Royal Society of London. Series A,
HOJIy‘-IEHbI dHaJIMTNYECKNEe peleHmsd oJjisi CMmelle- Containing Papers of a Mathematical and Physical Character.
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Derivation of the dispersion equation for determining
the Stoneley wave velocity at the boundary of porous

(1

[2]

[3

[4

[5

media saturated with hydrate and water

Karimova G.R., Rafikova G.R.
Mavlyutov Institute of Mechanics UFRC RAS, Ufa, Russia

In this paper, we consider the process of the Stoneley wave’s propagation along the interface of two media, where
the upper medium is represented by sand saturated with water, and the lower one by sand saturated with gas
hydrate. In a rectangular coordinate system, the directions of the axes are selected for the case when the plane
of the partition is z = 0. We assume that the Stoneley wave has vertical polarization, i.e. there is no horizontal
transverse displacement. The harmonic wave propagates to a sufficiently remote distance from the source of the
explosion and is represented by the sum of longitudinal and transverse waves in each half-space. For description the
mathematical model, wave equations, equations for displacement of particles and components of stress tensors are
used, which are supplemented by boundary conditions. As a result of finding analytical solutions in the form of a
harmonic traveling wave for displacements, potentials, vectors of longitudinal and transverse waves, a dispersion
equation for determining the velocity of the Stoneley wave is obtained. With using this equation and experimental
values of the velocities of longitudinal and transverse waves in saturated porous media, it is possible to find the
Stoneley wave velocity depending on various parameters of the porous medium.

Keywords: surface acoustic waves, stoneley wave, dispersion equation
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K FOBUJIEK0 AKUMA TANDYJITIMHOBUYA XAKUMOBA

25 Hos16ps 2021 roga BemylieMy HaydHOMY CO-
Tpynuuky VMex YOUL] PAH, kanaupaty ¢usmuxo-
MaTeMaTUYeCKUX HAYK, OIEHTY, HallleMy T06poMy
Ipyry 1 Kojuiere Akumy ['aidyminHoBUYy XaKMMOBY
VICITOJTHUJIOCH 75 JIeT.

Axum TaindymauHOBUMY XaKMMOB  POOMICS
25 HOs16ps1 1946 roma B nepeBHe Kapamasnbi-I'y6eeBo
Tyitmasuuckoro paitoHa bamkupckoit ACCP. C 1965
o 1970 roga yumics B YpuMckom aBUaIMOHHOM MH-
ctutyTe (YAU). TpymoByIO AesTeIbHOCTb B KAaUueCTBe
nabopanTta Havaa B 1970 rogy B pogHom YAU, rae mpo-
paboras 1o 1973 r. 3a 3T TOIBI JOPOC A0 JOJIKHOCTU
Benyllero uHxeHepa. B Tom xxe 1973 romy noctynui B
acnupaHTypy YAU. [Tocsie okOHUaHMS aCTIMPAHTYPhI
BepHyJicst B YAU u mpopa6otan 1o 1994 roma. C 1994

© MuctuTyT Mexanuku um. P.P. MaBmtotoBa YOUI] PAH

rofia Imo HacTosIee BpeMst paboraet B IHCTUTYTe Me-
xaHuky uM. P.P. MaBmatoroBa YOUII PAH.

XakumoB Akum l'aitdyIMHOBUY HA CETOMHSIII-
HUIT IeHb TPYAUTCS B AO/DKHOCTU BeOylliero Hay4-
HOT'O COTPYAHMKA JabopaTopuu «MexaHuKa TBEpAO-
ro tenaa» MHcTUTYyTa MexaHuku um. P.P. MaBioToBa —
060C006IEHHOTO CTPYKTYPHOTO MoapasaeneHus Ypum-
CKOTO (emepasbHOTO UCCAEA0BATEIbCKOTO IIeHTpa
Poccuiickoil akazemMuu Hayk (ZaHO COBpPeMEHHOe
Ha3BaHMe OpraHu3aun).

XakumoBbIM A.T. cciiemoBaHbl COOCTBEHHbBIE M3-
IMOHbIE, KPYTUIIbHbBIE U ITPOIOIbHBIE KOJIeGaHMS dJTe-
MEHTOB KOHCTPYKIIMIi (KOHCOJIbHO Gaiku, Gayiku Ha
HIapPHMUPHBIX OTIOPax C Hagpe30oM, KPYIJIoi MeMOpaHbl
U TIACTUHBI C YTOHUYEHHO IIEHTPaIbHOI 00/1aCThIO,
BaJIa, BaJla C MAaXOBMKOM, BaJia TypOOKOMITpeccopa ¢
MOJIEJIbIO MCKYCCTBEHHOTO nedeKTa, IIITaHTY C Hal-
pe30M Ha yIIpyroii noasecke). MisyueHo oTpakeHue
OT pacripefeneHHO Macchl, TPUKpPeIIeHHO K Tpy-
GOIPOBOMY, ¥ MPOXOKIEHME U3TMOHOIT OeryIei Bo-
Hbl. [TosyuyeHa 3aBUCUMMOCTD pellleHMs OT HauaabHOM
KOOpIMHATHI pacrnpeneleHHOl MacChl U ee BeINUu-
Hbl. PellleHne 06paTHOI 3aauM MO3BOJISIET OMIpee-
JIUTh HAYaJbHYI0 KOOPAMHATY pacIipeeieHHOM Mac-
ChbI U ee BeJIMUMHY T10 TaHHBIM OTPakeHHO BOJIHBI
B TOYKe HAOIIOmeHMsI.

PemeHa rpstmast 3aiaya orpejesieHus COGCTBeH-
HBIX YaCTOT U3TMOHBIX KojebaHmit Tpy6borposoaa. ITo-
JY4eHO, UTO C yBeJMUYeHeM CKOPOCTHOTO flapaMeTpa
U C yBeMMueHeM ITIOTOHHOM MacChl ITPOAYKTa U MPo-
IIYKTOB KOPPO3UM Ha CTEHKe TPyOOIIpoOBOa MPOMC-
XOOUT YMEHbIIIeHNe COGCTBGHHI)IX Y4acCToT ]/I3I‘]/[6HI>IX
KosiebaHuit Tpy6oIIpoBoIa.

PerreHa ob6parHas 3a1ava, rje 1o TpeM HU3IIUM
YacTOTaM M3TMOHBIX KOJIEOAHUI UIIYTCSI CKOPOCTHOM
rnmapaMeTp, OTHOCUTe/IbHAsI Macca IMPoAyKTa Ha eau-
HUITY OJMHBI TPY6OTIPOBOAA ¥ OTHOCUTEIbHAS Macca
OTJIOKEeHMIT Ha CTeHKaxX TPyboIpoBoza.
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ViccnemoBaHbl COGCTBEHHBIE YaCTOThI M3TUOHBIX
Kojieb6aHmil 3aIleMJIEHHOTO 10 KpasiM TPyboIIpoBO-
Ila, copepykaniero sKxuaKoCThb 1nof, gasiaeHuem. Ornpe-
JleJIeHbl TUIOTHOCTD KUIKOCTU UM OCE€BOJ i MOMEHT
MHepLMY TOTIeEPEeYHOT0 CeYeHMsI M BHYTPeHHee JaBiie-
He 110 COOCTBEHHBIM YaCTOTaM U3TMOHBIX KOJIeOGaHMii
Tpy6oIpoBoaa. ITosyuyeHo, UTo C yBeTMYeHueM BHYT-
PEeHHeTo JaBJieHNs WK TZIOTHOCTY KUAKOCTY BHYTPU
TpyObOIPOBOAA ITPOUCXOIUT YMEHbIIIEHVE COOCTBEH-
HBIX YaCTOT M3TMOHBIX KOJIebaHUit, a C YBeIMUeHU-
eM 0CeBOr0 MOMeHTa MHepIM MOIIepeyHoro ceve-
HUST — yBeJIMYeHMe COOCTBEHHBIX YaCTOT U3TUOHBIX
Kosnebanmit TpyborpoBona. [To 1ByM COGCTBEHHBIM
YaCcTOTaM M3TUOHBIX KOJIe6aHMi1 ONpeeIsiioTCs TI0T-
HOCTb KUJIKOCTU ¥ BHYTpeHHee JaBjieHue B Tpybo-
TIPOBOJe UIY 0CeBOIi MOMEHT MHEepLUY MTOMePeuHOoro
cevyeHus TpyboOMIpoBoOaA.

IMomyyeHHbIE Pe3YIbTAThl MOTYT GBITh UCITOMb30-
BaHbI 1151 aKYCTUUECKOTO MeTOo/1a OnpeaeeHns CKO-
POCTU KUAKOCTU, OTHOCUTEIbHOI MaccChl MPOAYKTa
Ha eOVMHUITY AJIMHBI TPyOOIIPOBOJA ¥ OTHOCUTETbHOI
Macchl OTJIOXKEeHMIT Ha CTeHKax TPy6oIpoBoaa 1 Mac-
COBOT'0 pPacxoja JXUAKOCTY 0 TPyOOIIPOBOY.

OcHOBHbIe pe3y/bTaThl, IOTyYeHHbIe 3a OTUeT-
HBII1 TIepuof, OImyOJuKoBaHbI B 115 cTaTesx B pe-
LIEH3UPYEMBIX JXypHa/aX, U3 KOTOPBIX 57 BXOHOST
B CIIMCOK Bpicuieil arTecTallMOHHON KOMMCCUU, B
13 cTaThsix B MeXIOYyHApPOAHbIX KypHa/Iax M3 CIIUC-
Ka WOS. TTomyueH maTeHT Ha u300peTeHue. XaKku-
MOB A.T. TMYHO yyacTBOBas B 18 KOHpepeHIINSIX, SIB-
JISICS MCTIONTHKTeNIeM B 9 rpaHTax Poccuiickoro oHma
dbyHIaMeHTaNTbHBIX MCCEA0BAHMIA.

3a IONTOIETHIOW paboTy M Hay4YHbIe JOCTUKe-
Hust XakumoB A.I. HarpaxkgeH [Ipemueit AkageMuu
Hayk Pecny6nmku Bamikoptocrad uMmenu P.P. Mas-
JIIOTOBA B 06/IaCTY TeXHMUUYEeCKUX Hayk (2016 1.), ITo-
YeTHOI rpaMoToit AKameMuy Hayk Pecrryoamky Barr-
KoprocTaH (2017 r.), [ToueTHOI rpamoTOil AITMUHM-
crpaiuy OKTI6PbCKOTO paifoHa TOPOICKOTO OKpyTa
ropoga Yoga Pecniybnyku bamkoprocran (2021 r.), IMo-
YeTHOJi I'paMOTOi FOPOJCKOTO OKpyra ropoga Yda
Pecrry6mku Banikoprocran (2021 1.).

KonnexkTus xypHasia «MHOTOGasHbIe CUCTEMBI»
OT BCell OyliM IO3LpaBisieT CBOEro KOJIery, uje-
Ha peJKoJIerny kypHana Akuma laidymimHoBuua
XakuMMoBa C 00MIeeM U JKelaeT eMy IpeKpacHO-
rO CAaMOYYBCTBMSI, TBOPUECKOTO BIOXHOBEHUS U aK-
TUBHOCTY, HOBBIX 3aMeuaTe/bHbIX YCIIeX0B Ha 61aro
Hautero OTeuvecTBa!
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